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Preface

This thesis is mainly a summary of joint work with my thesis advisor Professor
James H. Bramble. Also some parts of the work have been done jointly with Dr.
Joseph Pasciak, especially those presented in Chapter 7. Even though an attempt
is made to give a coherent presentation on the theory of multilevel methods, as
the dissertation of the author, only those results that are closely related to or
independently done by myself are included.

Some results from earlier literature or private communications are also included
for completeness. Because of the vastness of the multigrid literature, I must apol-
ogize for the possible omission of references to works which may be relevant to this

thesis.



Chapter 1

Introduction

1.1 Prologue

Multilevel methods are primarily developed for solving algebraic systems arising
from the numerical solutions of partial differential equations. These methods are
based on certain multilevel structure embodied in the underlying problem. By
effectively using this multilevel structure, multilevel algorithms are proven to be
one of the most powerful method in solving algebraic equations in modern times.

Research on multilevel methods has been very active in recent years. A lot of
work has been devoted to studying the applicability of the multigrid idea to wide
range of problems with different backgrounds. Numerical experiments have shown
that the algorithms of multilevel type are very efficient in many applications to
linear as well as nonlinear problems.

Historically, the idea of multilevel methods was originated from the numerical
solutions of second order elliptic boundary—value problem. As a result, this type
of problem has been studied most intensively. Nevertheless the existing theory
is still incomplete and many fundamental problems call for further investigation.
Undoubtedly, a thorough theoretical understanding of the multilevel method on
this special subject is of fundamental importance in the whole theory of multilevel

methods.

In this work we present a theory for a number of multilevel methods. Our
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purpose is to give a coherent theoretical treatment of a variety of problems in this
direction by modifying or unifying various existing work, providing solutions to

several open questions and proposing a number of new algorithms.

1.2 A Capsule Overview

Roughly speaking, there are mainly two types of multilevel methods. The first
type of multilevel method is the ordinary multigrid method consisting of fine—
space smoothing and coarse-space correction. Another type of the method is
obtained by using the multilevel structure to construct a preconditioner; the so—

called hierarchical basis multigrid preconditioner is a typical example.

Ordinary multigrid algorithms

The first type multilevel method is what we usually call the multigrid method, to
which most of this thesis is devoted. The history of this method is not very long
but the literature is abundant. We will not attempt to give a complete overview of
the field, instead we will only focus on those papers that have a close relationship
to the present work.

The first multigrid work known to the author is the 1961 paper by Fedorenko
[42] who proposed a two grid iteration. Soon after, the same author extend his
algorithm to multigrid case in [43] and he also presented a convergence proof for
Poisson’s equation in a square. Some generalization of the method after Fedorenko
was first made by Bakhvalov [6] in 1966. He considered more complex finite differ-
ence schemes for an equation with variable coefficients and moreover he proposed
to use the coarse level solution as a starting value for the multigrid iteration on the
next finer level so that the optimal order of complexity of the multigrid algorithm
can be achieved. In 1971, Astrakhantsev [2] proved the similar convergence result

as Bakhvalov for a finite element discretization.
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It seems that multigrid method was not that popular until in 1972 Brandt [29]
brought this method to the attention of the western countries. Gradually more

work has been done on this work.

Other than the papers mentioned above, early important works on the conver-
gence analysis for multigrid algorithms are, for examples, the papers of Nicolaides
[74], Bank and Dupont [10], Hackbusch [46, 47], Bank and Douglas [8]. These the-
ories established the convergence of the algorithms under the condition that the
smoothing steps are sufficiently many. However for SPD problems, if the multilevel
spaces are nested, numerical experiments show that only one step of smoothing
is enough for the convergence. This fact was theoretically justified in the V-cycle
proofs of Braess [15, 16], Braess and Hackbusch [18], Maitre and Musy [60], Mc-
Cormick [69, 70], Verfiirth [83] and others. The main idea of these proofs is to
analyze the interplay between smoothing and approximate correction directly in-
stead of first developing a two level estimate and then extending it to the W—cycle.
In order to get the optimal convergence estimate, it is required to have full regular-
ity (namely o = 1 as in (3.5)). But even without the full regularity, slightly weaker
estimates are also obtained by Bramble and Pasciak [21] and Decker, Mandel and
Parter [39], namely that the reduction number may deteriorate in a logrithmic
growth. The arguments of V-cycle proofs are extended to W-—cycle, without as-
suming full elliptic regularity, by Mandel [65], Mandel, McCormick and Ruge [67],
Bramble and Pasciak [21]. In [21], Bramble and Pasciak also proposed the so—called
variable V-cycle that has convergence properties similar to that of the W—cycle.

For the finite element discretizations of second order elliptic boundary—value
problems, in the multigrid literature, attention is largely paid to problems that
have a hierarchy of nested spaces. As a result, if the underlying domain has a
curved boundary, the multigrid algorithm has not been well studied since it is not
likely a desired nested sequence of spaces can be constructed on a curved—boundary
domain. This will be one of the main issues to be investigated in this thesis.

Another subject which was also not very well understood is the multigrid algo-
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rithm for nonsymmetric or indefinite problems. In fact a lot of work has been done
on this problem. We refer to Bakhvalov [6], Nicolaides [75], Hackbusch [46], Bank
[7] and Mandel [64]. Two types of algorithms are the so called ‘symmetric’ and
‘nonsymmetric’ multigrid schemes. The nonsymmetric scheme uses a relaxation
procedure based on the original equations whereas the symmetric scheme uses a
relaxation based on the symmetric positive definite system associated with the
normal equations. For the finite element equations, some results were obtained
under rather restrictive assumptions involving the relation between the number of
smoothings m and the size of the coarsest grid h;. For example, Bank [7] gives
W-cycle results for both schemes and for arbitrary o which, however, require first
that m be sufficiently large and secondly that h; be sufficiently small (depending
on m). Mandel [64], gives results for the nonsymmetric W-cycle scheme and the
V-cycle scheme (assuming full regularity o = 1) which are valid for any m if hy
is chosen sufficiently small (depending on m). But there was one very important
question was unanswered, namely if the so—called symmetric scheme is convergent
with only one smoothing step. An affirmative answer to this question is given in

this thesis.

The theory of the multigrid method is not so well developed if the finite element
triangulations are not quasiuniform. This problem has been addressed in many
papers but a rigorous mathematical theory is not yet well developed. Important
progress in this direction was made by Yserentant in [93] and [92], he analyzed
the multigrid algorithm for some special systematically refined meshes that was
originally proposed by Babuska, Kellogg and Pitkédranta [5]. But it is not clear
how a nested sequence of triangulations can be constructed so that each of them
still satisfies the requirement in [5]. Obviously the theory in this direction needs

to be further developed. This problem will also be discussed in this work.

Another theoretically interesting problem is how the multigrid algorithms be-

have for interface problems with considerably large jumps in the coefficients. Nu-



-5-

merical experiments demonstrated that with some proper scalings, the algorithm
seems to work very well in certain cases. A theoretical justification for this problem
was lacking but will be given in this work.

Multigrid analysis for nonconforming finite elements is a rather novel subject.
The Crouzeix-Raviart piecewise linear nonconforming element perhaps is the sim-
plest possible element among the family of nonconforming finite element spaces,
but its multigrid analysis was still not well-developed. The difficulties lie in the
nonnested multilevel spaces and the unnatural prolongation operators. attentions
has been largely paid to the construction of appropriate prolongations and some
results have been proven under the condition that the number of smoothings is suf-
ficiently large. For the work in this direction, we refer to Brenner [32] and Braess
and Verflrth [19]. A new approach is proposed and an optimal result is obtained

in this thesis.

The final issue we would like to mention is the parallelization of the multigrid
algorithms. As far as we know the multigrid algorithms are recursively defined
by levels of spaces and have an optimal efficiency in sequential machines but do
not naturally fit into parallel architectures. The trouble is that when the iteration
gets to the coarse level which has a very small complexity, most of the processors
remain idle. A lot of work has been done in parallelizing the multigrid algorithm,
c.f. the references in [49], [50] and [68]. But because of the sequential nature of the
algorithm, the obstacle for parallelization seems always there and improvement
in implementation is then quite limited. Therefore, if we want a truly parallel
multigrid type method, we have to somehow break up the recursive circle of the
algorithm. This sounds like a dilemma to the basic multigrid idea, but it is possible
with a different approach. In this thesis, we propose a multilevel preconditioning

method that is completely parallel.

A more detailed description of the relevant literature on multigrid method will
be given as our presentation goes on. At this point we would like to mention a

piece of work that is most influential to this work namely the paper by Bramble
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and Pasciak [21]. In this work there is an innovative approach in formulating the
multigrid algorithm. By introducing the so—called multigrid operators, a multigrid
algorithm can then be characterized by a sequence of recursively defined operators.
In this way, notations and presentations are clarified and simplified to a great
extent. All the theory on the ordinary multigrid methods in this thesis will be

established by means of these multigrid operators.

Multilevel preconditioners

Motivated from the ordinary multigrid method mentioned above, multilevel pre-
conditioners have been constructed by means of multilevel spaces. The first at-
tempt along this line was made by Bank and Dupont [10] where a two level precon-
ditioner was proposed. This idea was extended to multilevel case by Yserentant
in [93] and further investigations are made Bank, Dupont and Yserentant in [11].
In this thesis, a new multilevel preconditioner will be presented from a different

viewpoint.

1.3 Contents of This Work

Including the current introductory chapter, this thesis contains ten chapters. Chap-
ter 2-6 are essentially the preliminary materials and only the last four chapters,
namely Chapter 7-10 make up the body of this thesis which contains the main
results on multilevel algorithms.

The theme of the thesis is on the multilevel algorithms for finite element dis-
cretizations of second order elliptic boundary—value problems, even though most
of our theory will be established in an abstract fashion. It is quite likely that our
theory can find applications on other problems (e.g. 4-th or higher order prob-
lems, finite difference method, mixed methods etc.), but our focus is only on finite
elements. Some such applications may be found in [25].

Roughly speaking, the following problems will be studied in this thesis:
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1. Abstract framework of the multigrid algorithm for SPD problems.
2. Unified theory of some known multigrid algorithms.
3. Nonnested multigrid algorithms for curved—boundary—domain problems.

4. Convergence analysis of multigrid algorithms for interface problems and for

refined meshes.

5. Multigrid algorithms for nonconforming elements.

6. Convergence analysis of multigrid algorithms for nonsymmetric or indefinite

problems.

7. Parallel multilevel preconditioners.

Our presentation is organized by first introducing all of the preliminary materials
and then proving all the main theorems of multilevel algorithms by using the pre-
liminary materials. We start from Chapter 2 with basic notation and some results
of Sobolev spaces. Then in Chapter 3 and Chapter 4, we introduce various known
or new results on finite element spaces that are necessary for the analysis of multi-
level algorithms. Chapter 5 gives a brief summary of some iterative methods that
are of fundamental importance in multilevel methods. Some technical results for
analyzing the convergence of the multigrid algorithm are included in Chapter 6,
in particular an approach in studying two level scheme is also included. Chapter
7 then comes to the theory of multigrid methods for symmetric positive definite
problems but the presentation there remains abstract. Discussion on some con-
crete multigrid algorithms begins in Chapter 8. Various problems on the multigrid
algorithms for finite element discretizations of SPD elliptic boundary—value prob-
lems are studied. Chapter 9 is mainly devoted to a convergence analysis of the
multigrid algorithms for nonsymmetric or indefinite elliptic boundary—value prob-
lems. Chapter 10 represents the climax of this thesis and a novel parallel multilevel

preconditioner is developed.
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More detailed descriptions of the contents of this work are given in the following.

Theory of Finite Element Spaces

Generally speaking, a multilevel algorithm is not purely algebraic. Its efficiency
strongly depends on the analytic background of the underlying problems. In the
applications to finite element methods, a lot of information on the finite element
spaces is needed to design and especially to analyze the algorithm. Since finite ele-
ment application is the main concern of this work, we have included both Chapters
3 and 4 to discuss the properties of finite element spaces.

The material in Chapter 3 is rather standard in the theory of finite element
approximations. In particular there is no notion of multilevel spaces in this chap-
ter. We discuss the properties of triangulations (§3.2), finite element spaces (§3.3),
inverse inequalities (§3.4), error estimates and stability of nodal value interpola-
tion (§3.6), L? projection (§3.8 and §3.9), Galerkin projection (§3.11) etc. The
error estimates and stability properties of the orthogonal L? projection, which are
related to certain simultaneous approximation properties of finite element spaces,
are carefully investigated in §3.8. For the purpose of studying interface problems,
a certain kind of weighted L? projection is proposed and studied in §3.9 and error
estimates are obtained in some special situations. Another important notion is the
discrete elliptic operators (§3.2), which will play a dominant role in the analysis
of multigrid method. The discrete Sobolev norms will be defined in terms of these
operators. Theorems on the comparison of discrete Sobolev with the ordinary
Sobolev norms are presented (§3.12), which are crucial in the proof of convergence
theorems. The discrete elliptic operator is intimately related to the stiffness ma-
trix and their relationship is discussed in §3.3 and their spectral properties are
summarized in §3.13.

A theory of finite elements involving multilevel spaces is presented in Chapter 4.

The attention is more on the interaction between paire of spaces in the hierarchy of
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finite element spaces. The core of the theory is the establishment of the so—called
regularity and approximation assumption (c.f. (1.2) below or (4.2) in Chapter 4).

The focus of attention of Chapter 4 is in the study of nonnested multilevel
spaces, which are obtained from curved-boundary domains. Again we establish
the regularity and approximation property. §4.3 concerns specially coupled grids
where nonnestedness in the grids only occurs near the boundary, whereas in §4.4
more general nonnested grids are studied.

Some special topics are also discussed in Chapter 4. For example, an estimate
for nonquasiuniform meshes is given in §4.2 and an estimate for nonconforming

elements is given in §4.5.

Abstract Multigrid Framework for SPD Problems

For the general framework of the multigrid method for symmetric positive definite
problems, previous work for variational type problems are summarized in an arti-

cle by Mandel, McCormick and Bank [66]. In the so-called variational multigrid

framework of [66], it is required that
A1 (v,v) = Ap(IF_ 0, IF v), Vv € M,, (1.1)

where I} | are prolongation operators, Aj_; and Ay are the forms on the con-

secutive spaces My_; and M. This means that the forms on coarse levels are

inherited from the one on the finest level.

Another ingredient in an abstract theory is the so—called regularity and approx-

imation assumption, which takes the following form in our notation:
[AR((T = TE_y Pia)o,0)| < Clo(A) 7 [ Apolli®) Ap(v, )0, Vo € My (1.2)

where 5 € (0, 1] is a constant and p(Ay) is the spectral radius of Ay.
But, in our experience, we have found that (1.1) and (1.2) seem impossible
to be simultaneously satisfied except for simple cases like problems with nested

meshes.
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In Chapter 7, we will establish a more general theory which allows the constraint

(1.1) to be violated. First we replace (1.1) by the following weaker constraint:
Ap_1(v,0) > Ap(IF 0, IF v), Yv € M,. (1.3)

Under this assumption, together with (1.2), optimal convergence results (with only
one smoothing) can be obtained for SPD problems. Secondly, we provide a theory
without any constraint like (1.1) or (1.3) at all. In this case ordinary convergence
results can only be obtained under the condition that the number of smoothing
is sufficiently many. But this is not the point of our theory. We have shown
that the variable V—cycle algorithm can provide an optimal preconditioner even
though it does not give a reduction in the usual sense. This important feature
of multigrid algorithms was not known before. Consequently, in conjunction with
the preconditioned conjugate gradient method, multigrid iteration would converge
uniformly (with respect to mesh parameters) for problems where only (1.2) is

satisfied.

A Trick for Analyzing Two Level Scheme

In the second section of Chapter 6. a technique is included to analyze the conver-
gence of the multigrid algorithm when the elliptic regularity is not easy to verify.
Since the assumptions for this approach are easily be satisfied, it is very useful in
certain problems where the other approach may fail. Applications can be found in

Chapter 8 for interface problems, refined meshes and nonconforming elements.

Multigrid Algorithms for SPD Elliptic Boundary—Value Prob-

lems

Multigrid for curved—boundary—domain problems Most of the existing
multigrid algorithms which have rigorous theoretical basis are only for those prob-

lems that can be furnished with a sequence of nested spaces. Results of this nature
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will be summarized in §8.2. However if the underlying domain of the problem has
a curved boundary, generally speaking it is not likely that a nested sequence of

multilevel grids can be constructed. Hence a theory for nonnested spaces is needed.

We will study the multigrid algorithms on two different kinds of triangulations
of the domain. The first is very special, that is obtained by successively refining the
the grids by a special halving strategy. In this way any two consecutive grids are
nested away from the boundary. Since these kinds of grids may be regarded as some
sort of perturbation of the nested ones, the corresponding multigrid algorithms
have similar convergence properties to the nested multigrid algorithms. As is shown
in §8.3.1, by means of the framework in Chapter 7, optimal multigrid convergence
results (with only one smoothing) are obtained for the V—cycle, variable V—cycle

and W—cycle. Some other types of convergence results are also proven.

Another kind of multilevel triangulation is more general, there are almost no
extra unnatural constraints on the triangulations. The framework of Chapter 7 is
again applied to study the convergence propertiesi. In particular, we show that the
variable V—cycle will provide a preconditioner with the relative condition number

being uniformly bounded, see §8.3.1.

In the nonnested multigrid theory the nodal value interpolant is often adopted
as a prolongation operator. For general loosely coupled grids, with this choice
of prolongation, the convergence theory is currently only rigorously established
in two dimensions. We had difficulty extending the theory to three dimensional
problems since the desired imbedding properties needed to control the nodal value
interpolation for our analysis are lacking. As an alternative approach, we use a new
type of operator for prolongation. This operator has stability and approximation
properties like the L? projection, but its action is relatively easy to evaluate. With

this choice of the prolongation, a theory parallel to two dimensional problems is

established.
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Interface problems and refined meshes Multigrid algorithms with proper
scaling for interface problems are analyzed in §8.5. we show that the multigrid
algorithm converges uniformly with the jumps on the coefficients provided the

number of levels is fixed.

In §8.4, we design an algorithm for quite general nonquasiuniform grids and

show an optimal convergence result under the condition that the number of levels

is fixed. An important point is to make the right choice of the discrete L? product.

Nonconforming elements For the multigrid algorithm for Crouzeix—Raviart
nonconforming elements, the approach we will take is different from that in [32]
or [19]. Our focus is on the coarse level spaces. In some sense, we think that
the coarse level spaces are basically free to be choosen in a multigrid process. In
the context of the Crouzeix-Raviart element, there is no reason why one still has
to use the nonconforming P; element on the coarse levels. Instead we take the
conforming P; on all the coarse levels. This is the main point in our approach. It
turns out that the resulting sequence of spaces are nested and the behavior between
any two coarse levels is exactly same as the conforming elements and hence there
is nothing more to be analyzed there. The only problem is the transition from
the finest space to the next coarser space which is chosen to be the conforming
P, on the same triangulation on which the finest space is defined. We are able to
show that the uniform contraction property is still valid between these two grids by
using our new technique in Chapter 6. Therefore the whole algorithm is uniformly

convergent with only one smoothing step.

Nonsymmetric or Indefinite Problems

In Chapter 9, both the symmetric and nonsymmetric schemes will be analyzed.
The result for nonsymmetric schemes (§9.3) is not new; it was given by Mandel
[64], but our proof is different and also seems much simpler. The result we will

prove in §9.4 are new for the symmetric scheme. We find that the nature of the
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analysis for these two schemes is different and the symmetric scheme is much
harder to handle. The proof we present is very lengthy and technical, but we
arrive at almost optimal conclusions. We give results for the V-cycle, variable V-
cycle and W-cycle algorithms for any amount of smoothing under the assumption
of @ > 3/4. Our theorems require that h; be sufficiently small (independent of
the amount of smoothing) and guarantee an iterative convergence rate which is
uniformly independent of the number of levels and the mesh size on the finest
grid. The assumption that h, is sufficiently small is not very restrictive since such
an assumption must be made for solvability on the coarsest grid. The results for
the V-cycle algorithm are somewhat weaker. We show that the V-cycle converges
if hy is small enough (depending on the number of levels and «), at a rate which
deteriorates as more and more levels are used. Even with the full elliptic regularity
assumption, namely a = 1, the V-cycle convergence estimates deteriorate like

1—c¢/In(h™1).

Parallel Multigrid Preconditioners

Abstract framework Abstract framework of our new preconditioners is de-
scribed in §10.1 and §10.2.

In §10.1, in an abstract setting, we show that a discrete elliptic operator can be
very well preconditioned by a summation of scaled L? projections (onto a hierarchy
of nested spaces). The corresponding condition numbers are estimated in terms of
some a priori assumptions of the underlying multilevel spaces, L? projections or
Galerkin projections. These assumptions clearly hold in the finite elements context

hence the application of this framework is straightforward and is presented in §10.2.

It turns out there is a lot of internal structure in our abstract multilevel frame-

work. This is further investigated in §10.2. Similar to the hierarchical basis pre-
conditioner, our preconditioner can also be obtained from certain decomposition of

the approximation space. Our decomposition is based on a sequence of L? projec-
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tions and because of the nestedness of the multilevel spaces, the decomposition is
orthogonal in L? inner product. Under certain assumptions, we can show that the
elliptic operator is spectrally equivalent to a constant operator on each component
of the decomposition. In other words the elliptic operator can be preconditioned by
that constant operator on each of these components. In this way a preconditioner
which is a summation of scaled L? projections then results.

The orthogonality property in the resulting preconditioner makes it very flexible
in its applications. For example, a power of the preconditioner can be obtained
by taking the power of constants on each component, which gives a preconditioner

of the corresponding power of the original elliptic operator. This feature leads

to an application on preconditioning the H 3 norm on the interfaces in a domain
decomposition technique. Such kinds of properties of the new preconditioner are

discussed in §10.2.

Application to finite element discretizations More efficient algorithm by
using the abstract framework in the concrete case can be obtained by using more
structure available in the underlying problem. This is illustrated in §10.3 for the
application to finite element equations. In this case, a multilevel finite element

spaces M; C --- C M can be obtained by the successively refined triangulations.

If we let {¢L} denote the usual nodal basis for the subspace My, the preconditioner
B can then be defined by
I d Iy
Bv = Z hy.~ Z(v, O1) D
k=1 ]

where hy is the mesh size of the grid defining M and d is the dimension of the
problem.

Notice that the above preconditioner is simply a double sum, the terms of which
can be computed concurrently. The overall complexity of the preconditioner in this

parallel implementation is of order O(jN) (where N is the number of unknowns
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of the approximation space M; and j is the number of grid levels). However the
algorithm can also be implemented in a recursive fashion so that the number of
operations needed in one iteration is of optimal order O(N).

Without assuming any elliptic regularity the relative condition number of this
new preconditioner grows at most j2. But if full elliptic regularity is present, the
condition number can be shown to grow only like j.

Our algorithm for finite element equations is similar to the so-called hierar-
chical basis preconditioner (cf. [11]), but by constrast, our method works equally
well in any number of dimensions whereas the hierarchical basis preconditioners
deteriorate in three dimensional problems. In addition, the implementation of the

hierarchical basis preconditioner is sequential like the ordinary multigrid.

Interface problems In the two dimensional case, the hierarchical basis precon-
ditioner works well even for interface problems with large jumps if the paralleliza-
tion is not taken into account. For our method we have shown that theoretically it
would work as well as hierarchical basis preconditioner as far as convergence prop-
ery is concerned, namely the condition number of the resulting preconditioned
system only has a logarithmic growth but does not depend on the jumps of the
coefficients. Results on three dimensional problems are not very satisfactory yet,
but we are still able to establish the convergence theory in a special case that the

interfaces do not have interior cross point.

Preliminary Results on Sobolev Spaces

Some other results which are proved in the preliminary chapters may also of theo-

retical interests themselves. In §2.2, we have an inequality in Soblev space in regard

with the relations between W ? () and C(9) when the imbedding WP s C Q)
fails. As its consequences, some discrete Sobolev inequalities can be obtained in

finite element spaces (§3.7). Chapter 2 also contains an abstract theorem in Ba-
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nach space that covers many well-known results or their generalizations on Sobolev
spaces, including a Sobolev norm equivalence theorem, and the Bramble—Hilbert

Lemma.

1.4 Some Special Notations
Throughout this thesis, we are going to adapt the following notations:

r<y, fZg and uxv

means
r<Cy , f>cg and cv<u<Cv

where C' and ¢, are positive constants independent of the mesh parameters and

functions.



Chapter 2

Some Results on Sobolev Spaces

Sobolev spaces are of fundamental importance in the theory of partial differential
equations as well as finite element methods. In this chapter, some basic facts on
Sobolev spaces are reviewed and some new results of the author are also included
which will be used in later chapters.

The outline of this chapter is as follows. Notations and a number of standard

results in Sobolev spaces are given in Section 2.1. Section 2.2 is devoted to the

proof of a new Sobolev inequality in regard with W%’p(Q)(p > 1) and C(Q2). In
Section 2.3, we present an abstract theorem in Banach space and derive some useful

results in Sobolev spaces as consequences. Section 2.4 contains a trace inequality.

2.1 Notation and Definitions

We will use standard notation for Sobolev spaces, c¢f. Adams [1]. Let Q C R® be
a bounded domain with Lipschitz continuous boundary, LP(£2) is a Banach space

consisting of p—th power integrable functions. The Sobolev space of index (m, p)

is defined by

WP(Q) € fv e LP(Q) : D% € LP(Q) if |a| < m},

17
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with a norm

S =

def «
[o][wme(9) = (Z 1D UHIL)I)(Q)) )

laj<m

where a = (o, -+ -, ) is multi-integer and
ol a d
Da = | = E Q;
(o5} (% ] (A
Oyt - ay i=1

For p = 2, by convention, we denote
H™(Q) < wm2(q).
We will have occasion to use the following seminorms:

1
p

|a|=m

def «
[Vl wmp) = (Z 1D UH]ZP(Q))

The fractional Sobolev spaces W™*7P(Q)(m > 0,0 < o < 1,p > 1) are defined by

the completion of C*°(Q2) in the following norm:

3=

def
[ollwonsnri) E (105 mogqy + [0Fmsen@) " (2.1)

where

P def |D%u(z) — Du(y)[”
|U|Wm+o‘,p(Q) - a|zm\/51/§'2 |x _ y|d+0'p dI dy

For studying the Dirichlet problem, the following space is essential:
HY Q) ¥ {v e HY(Q) : v]pq = 0},

where v|sq = 0 is in the sense of trace (c.f [58]). The space H}(Q) can also be con-

sidered to be the closure of the space of C§°(€2) consisting of compactly supported
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smooth functions in the topology of H'(€2). More generally, for a measurable

subset I' C 012, we denote
HNQ) € {v e HY(Q) : v|p = 0}

Similarly, if % < o <1, we define

HEZ(Q) Y {v e H(Q) : v|p = 0},
and if I' = 00
HI(Q) Y {v e H(Q) : v|pq = 0}

Some other Banach spaces will also be used. For example, C() is the space

of continuous functions with the usual maximum norm ||-||¢(q) and for A € (0, 1],

C%(Q) is the space of the functions satisfying the following Hélder condition

|ul|cox ' sup M < 00.
wyen |z —yl

We quote the following imbedding results (cf. Adams [1]):
HY(Q) — LE2(Q) ifd> 2, (2.2)
WP(Q) — C(Q) ifsp>d. (2.3)
Here the symble — denotes the continous imbedding.
More profoundly,
WHP(Q) — C**(Q), if sp>dand X\ = min{l,s — %}. (2.4)

For s = d,p = 1, (2.3) would still hold, but not for sp = d and p > 1, in which

case we have
WiP(Q) — L'(Q) ifr < oo. (2.5)

More precisely, by tracing the constants in the proof of the above imbedding, we

have

. Yo e WrP(Q), r> L. (2.6)

_1
ol S el g,

@)
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2.2 An Inequality Relating W5"(Q) with C(Q)

As we pointed out in the foregoing section, the space W¥P?(Q) (p > 1) generally

fails to be imbedded into C(2). The following inequality, due to the author,
indicates some relationship between these two spaces. This inequality will also
be used in the next chapter to derive some discrete Sobolev inequalities in finite

element spaces.

Theorem 2.1 Assume Q C R? is a bounded domain with a Lipschitz continuous

boundary and p > 1, then there exists a constant C' = C(Q,d, p) such that

1
lullo@) < C{llog el 4 [[ullwarmaa) + € llullcor@}
for any e > 0,\ € (0,1] and u € W¥PP(Q) N C°(Q).

A special case of this theorem (actually of Corollary 1 below) for p = d = 2

was proven by the author in [85] and announced in [86].

Proof. Without loss of generality, we may assume that 0 < ¢ < 37P. Given

u € W¥PP(Q) N CONQ), let 29 € Q be such that
u(zo)| = llullcw@):-

Let D, = {z € Q : |v — x| < €}, then |D.| = meas(D,) 2 € since 9N is

Lipschitz continuous by hypothesis.
Note, for any = € D,, that

[u(@o)| S Ju(@)] + €lullcon@)-
Taking the L(D,)-norm on both hand sides of above inequality, we obtain

1 1
|Deldfu(@o)| < Ilullacpy + €| Del[[ull o @),
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hence

u(xo)| S € Hullpap,) + €A||UHCOA(Q)'

An application of Holder’s inequality with r > d yields

11
[ullLapy < [Dela™[luflre)

_d
S € lulli@).

~Y

By (2.5), we have
||u||0,'r,Q S O(Q’ d7 p)rl_% ||U||Wd/p,p(Q), (27)

for any r > p and u € W4/PP(Q).

Taking r = log %, we get
lullzowy S € Fr' alullyans)
S ellogel' dllullyams ).
The desired result then follows, completing the proof. B

Corollary 2.1 Under the same assumptions as Theorem 2.1, if qs > d and A\ =

min{1, s — g}, then

lullorey < Nog el ullwamaay + € lullwsao,
for any € > 0 and u € W¥PP(Q) N W=1(Q).
Proof. The imbedding (2.4) means that
[ullcor@) < llullwsa)-

Applying above Theorem then completes the proof. B
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2.3 An Abstract Theorem with Applications to

Sobolev Spaces

There are some results on Sobolev spaces that are particularly useful in the analysis

of finite element methods. The aim of this section is to include several results on

Sobolev spaces in somewhat generalized forms so as to meet the needs of later
applications. We shall first present an abstract theorem on Banach spaces and

then apply it to Sobolev spaces.

2.3.1 Abstract Theorem

The theorem to be presented below is an improvement made of the author of a
result due to Tartar (unpublished but available in Brezzi and Marini [34], see also
Ciarlet [36], Exercise 1. on page 126).

We first need to introduce some new terminology:

Definition 2.1 Assume that V is a Banach space with a norm ||-||y and F : V

]Rfr s a functional. We call F' a W-norm on V if it satisfies the following two

conditions:

i) F() is a semi-norm on V.
ii) If v,,v €V and lim, . ||vn, — v|ly =0, then F(v) < lim, o sup F(vy,).

And we call F' a compact functional on V' if for any bounded set G C V' there exists

a sequence {v,} C G so that F(v, —vy,) — 0  asn,m — oo.

In the definition of W-norm, ii) is a kind of continuity condition. Seem-
ingly it is even weaker than the usual lower—semi continuity (which requires that
F(v) < lim,_ inf F(v,).). However a nontrivial fact is that any W-norm must
be continuous in the strong sense, namely lim,, ., |F(v,) — F(v)| = 0. As a matter

of fact, we have
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Lemma 2.1 For any W-norm F on a Banach space V', we have

F) S [olly, YoeV.

The proof of this result is similar to that of uniform boundedness principle
in Banach space theory (c.f. [78]). The idea is to consider the decomposition
V=uUpr {veV:F@w) <k|v|} and apply the Baire category theorem. The

details of the proof are omitted here.

Theorem 2.2 Let V be a Banach space with a norm ||-||v. Assume there exists a

W-norm F and a compact functional T on V' such that

lvllv < F(v) +T(v), YvelV. (2.8)
Then the following are true:
i) For any other W-norm G over V', as long as ker(F') Nker(G) = {0}, then

|vlly < F(v) + G(v), YvelV.

ii) Let V/ker(F') be the ordinary quotient space and ||-||v/wex(r) the corresponding

quotient norm, then

0]V ker(r) < F(v), Vv € V.

iii) For any other W-norm B over V', as long as ker(F') C ker(B), then

B(v) S F(v), YvelV.

Proof. First of all, by Lemma (2.1), we immediately have

F)+GWw) < |vllv, YvelV.
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This proves one direction of i). To see the other direction of i), we use a contra-
diction argument, namely we assume if what we want to show were not true, there

would exist {v,,} C V such that
lvnlly =1, and F(v,)+ G(v,) =0 (asn — 00). (2.9)

Since {v,} is bounded, by the definition of compact functional, we may assume

that

T(v, —vm) — 0, asn,m— 0. (2.10)

It follows from the hypothesis (2.8), (2.9) and (2.10) that

lon —vmllv < F(u, —vm) + T (v, — vp)

[

< F(vp)+ F(vm) +T(v, —vy) — 0, asn,m — oc.

This means that {v,} is a Cauchy sequence on V. But V is a Banach space, hence

there exists v € V so that

lim ||v, —v|ly = 0.

n—oo

Since both F and G are W-norms, we conclude that

Fv)+Gv) < nh_{& sup F'(v,) + nll—>r20 sup G(v,) = 0.

Hence F(v) = G(v) =0, i.e., v € ker(F') Nker(G). By hypothesis, v = 0, but this
contradicts (2.9) which implies ||v[|y = 1, completing the proof of i). To prove ii),
we should first point out that ker(F') is obviously a subspace of V. Furthermore
we claim that ker(F) is finite dimensional, in fact, by the hypothesis (2.8), we can
easily see that the unit ball in ker(F") is compact.

We need to show that

inf < F Yv e V. 2.11
it ool S F), oe (2.11)
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As mentioned above m < dim(ker(F)) < oo, hence we can choose m functionals
{fr : k=1,2,---,m} over ker(F) that forms a basis for the dual space (ker(F'))*.

By Hahn-Banach theorem, we may assume that f;’s are all defined on the whole

of V. Set
G(o) = 3 1ilo)]

Using the fact that {f} forms a basis of (ker(F))*, for any v € V', by solving a

nonsingular linear system, we can find a ¢, € ker(F') such that

fk((bv):_fk(v)a k:1727"'7m'

Namely

Gv+¢,) =0
Since G is obviously a W-norm on V' and also ker(F') Nker(G) = {0}, we conclude
from i) that

o+ oullv S Flu+du) +Gv+ )

= F(v+¢,) = F(v).

which implies (2.11) and completes the proof of ii).
Next we are in a position to prove iii). By Lemma 2.1, for any v € V and

¢ € ker(F)
Bv+¢) S llv+olv

By hypothesis that ker(F') C ker(B), we have ¢ € ker(B), thus B(v) = B(v + ¢),

therefore, using ii), we get that

B(v) < inf < F
(5, nf_fo+olly S Fl),

completing the proof. B
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2.3.2 Applications

Even though the abstract theorem presented above is of theoretical interest for its
own sake, our main purpose is to apply it to Sobolev spaces.

Given m > 0,0 < ¢ < 1 and p > 1, we then take V = W™T2P(Q)) and
F(v) = [v|wm+on(y, T'(v) = ||v]lwmsq), We can see that (2.8) is trivially satisfied.
Obviously, F'is a W-norm by definition. By the well-known fact that W™t7r(Q) is
compactly imbedded into W™P(Q), T'is a compact functional. Also it is straight-
forward to check that ker F' = P,,(§2). Therefore we can apply Theorem 2.2 to

deduce the following (generalized) well-known results:

Theorem 2.3 1. Sobolev Norm Equivalence Theorem
||UHWm,p(Q) = G(U) + |U|Wm+a,p(ﬂ), VU c me(Q), (212)

if G is a W-norm on V such that for ¢ € P, (), G(¢) =0 iff ¢ = 0.

] f m+o,p = m+o,p m.p Q 21
¢€%)171R(Q)HU+¢HW ton(Q) X |Vlwmton(), Vv € W™P(Q), (2.13)

3. Bramble-Hilbert Lemma

B(v) < [v|lwmior@), Yv e W™P(Q), (2.14)
if B is a W-norm on V such that for all ¢ € P, (), B(¢) = 0.

Results in the above theorem are often presented for ¢ = 1 in the literature.
In what we called Sobolev norm equivalence theorem, G usually takes the form of
G(v) = X", | fi(v)], for some bounded linear functionals f;’s. One might find our
abstract version with the W-norm more convenient to use.

As we know, the trace of the function in H?(€2) is well-defined if o > £, hence

we can take G(v) = [pvdx in (2.12) and have a special case of (2.12) as follows:
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Theorem 2.4 (Poincaré Inequality) Assume I' C 02 such that meas(I') > 0

and%<a§ 1, then

follrec@) < | [ vdo

+ |U|Ha(Q), Yv € HU(Q).

Consequently

||/U||HO'(Q) SJ |’U|Hrr(Q), Yv € HF(Q)

2.4 A Trace Inequality

The following simple inequality will be useful later, which was shown to the author
by Bramble.

Lemma 2.2
lull 2oy < € lullza) + ellullm),
for any uw € H'(Q) and € € (0,1).
Proof. Taking a function g’ € [C(Q)]? such that
plx)-fi(x) > 1, Ve 09,

where 7(z) is the outer normal direction of 002 at =, we have

/ widr < / u?p - fda
o9 Joa
= —/ divﬁqux—/ 2up - Vudx
Q Q
S [ wtdet [ ul [Vulds
Q Q
< (1+€_2)/u2d1‘+62/ |Vul*dz.
Q )

This completes the proof. B



Chapter 3

Classical Theory of Finite
Element Spaces

As we pointed out earlier, the main purpose in this work is to design and ana-
lyze multigrid algorithms for finite element discretizations of second order elliptic
boundary value problems. In this chapter a summary of various results for the
finite element spaces will be given. The materials are only chosen to meet the
need for later development. Justifications are included for a number of the results
that are well-known but somehow their proofs are hard to locate in the literature.
Several new results by the author are also presented.

Without loss of generality, we will confine ourself on the piecewise linear tri-
angular finite elements. The material in this chapter does not have much direct
connection with the notion of "multigrid”, namely the analysis is more or less only
on a single finite element space. The results here will be used to establish a theory
for multilevel spaces in next chapter.

The remainder of this chapter is organized as follows. In Section 3.1, a model
partial differential equation is described. After introducing the triangulations in
Section 3.2, finite element spaces and the some relevant operators are discussed in
Section 3.4. Inverse inequalities are summarized in Section 3.4 and in particular
an inverse inequality for a fractional Sobolev norm is presented. Properties of

the mass matrix in terms of the quasiuniformity are discussed in Section 3.5. In

28
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Section 3.6, some estimates for the nodal value interpolation are given. A discrete
Sobolev imbedding theorem is proved in Section 3.7. Section 3.8 is devoted to the
study of the stability and approximation property of the orthogonal L? projection
and as a by-product a simultaneous approximation property is established. A kind
of weighted L? projection is introduced and studied in Section 3.9. Section 3.10
is concerned with a special operator that is closely related to the L? projection.
An error estimate and stability estimate for Galerkin projections are presented in
Section 3.11. Section 3.12 discusses the equivalence between the discrete norms
and the ordinary Sobolev norms. Finally in Section 3.13, some estimates for the

condition numbers of the discrete elliptic operators are given.

3.1 Model Partial Differential Equation

We shall consider the problem of approximating the solution U of

LU = F in ),
U = 0 onof. (3.1)

Here,  is a bounded domain in IR? and £ is given by

19 9
Lo=—Y af(aija%) + ag, (3.2)
J

ij=1 i

with {a;;} uniformly positive definite and bounded on 2 and a, is nonnegative.

The bilinear form corresponding to the operator L is defined by

d ov Ow
A = e + . .
(v, w) 2 1/ (a;; 0z, agvw)dx (3.3)

This form is defined for all v and w in the Sobolev space H'(Q2). Clearly, U € H}(2)

is the solution of
AU, x) = (F,x) Vx € Hy(). (3.4)
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We make the following elliptic regularity assumption. There exists a constant
a € (0,1] so that
U\ gre) < ClF || ga-10), (3.5)

for the solution U of (3.4), where C is a constant depending on the domain €2 and

the coefficients defining L.

3.2 Triangulations

For the given domain © C IR? by a triangulation of £ we mean a set 7 of

d—simplices such that the intersection of any two simplices in 7 either consists of

a common lower dimensional simplex or is empty and € % U{r : 7€ Ty}is

either equal to € (if ) is a tetrahedral) or close to €2 in the sense that

max  dist(x,0Q) < (diam 7)%, V7 € Ty, 7N oY, # 0.

TETNON

Now supposing a family of triangulations {7 : k € Z} are given on €, we

define the following two parameters:

hy = max h;; h, = min h,,
Tl 7€l g

where h, =diam 7.

Concerning the triangulations, we will always make the following basic assump-

tions:

(A3.1) If p, denotes the radius of the ball inscribed in 7, then

.
sup max — < 0y.
keT T, Pr

Definition 3.1 {7 : k € I} is said to be quasi-uniform if it satisfies (A3.1) and

the following



(A3.2) hi, < hy.

The assumption (A3.1) is a local assumption, as is meant by above definition,
for d = 2 for example, it assures that each triangle will not degenerate into a
segment in the limiting case. More explicitly, this assumption is equivalent to the

following well-known minimum angle condition:

inf min 6, > 6y > 0 (3.6)

kel TGTk

where 6, is the minimum interior angle of 7 for 7 € 7 and 6, is a constant.

On the other hand, the assumption (A3.2) is a global assumption, which says
that the smallest mesh size is not too small compared with the largest mesh size
of the same triangulation. By the definition, in a quasiuniform triangulation, all

the elements are about the same size asymptotically.

The following lemma asserts that the triangles in 7, do not differ very much

locally. This fact will be often used implicitly in our later analysis.

Lemma 3.1 If the triangulation {7\, k € T} satisfies (A3.1), then

h
sup max L <1,
kel T,T’ETk, TNT'#0 hT/

Proof. To illustrate the main idea, we present our proof for d = 2.

If 7 and 7’ have one edge in common, then

he  he pr _hy

We o pr B pe

In general, by (3.6), 3l < 277(; and 71, ---,7 € Ty such that 7; and 7;,1 has one

edge in common, for i = 0,1,---,] with 79 = 7 and 7, = 7/, hence

h, %=

6
<o,°.

hT B -1 h‘n‘ pr, -1
o ., U
i=0 Pri Nmipn =0 Pm
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3.3 Finite Element Spaces, Discrete Elliptic Op-
erators and Stiffness Matrices

Corresponding to the triangulations 7, the finite element spaces M) will be

defined by
My ={ve Hy() :v|, € Pi(r), V7 eT}.

Let {zF} be the set of all interior nodes of 7} and {¢, ..., ¢, } be the standard
piecewise linear nodal basis functions such that ¢; is equal to one at precisely one
node x¥ and vanishs at all other nodal points. It is clear that ¢; is locally supported.

In fact

supp ¢; = U T.

TGTk ,:vi?GT

Associated with each node, we define a local mesh size:
L.
hy,; = idlam supp ¢;.

We define a discrete inner product on M, by !
ng
(u,v)r = h} Zhi‘zz(uv)(aﬁf), u,v € My, (3.7)
i=1

and the induced norm is denoted by ||-||z. It is straightforward to see that

ulle® = b ZT: he?l[ullZa - (3.8)
TEL |

If {7y, k € I} is quasiuniform, (-,-)x may be alternatively defined by

Nk

(u,v) = b > (wo)(2F),  u,v € M. (3.9)

i=1

!The factor h% in this definition is not essential and hence can be omitted. We keep it here
simply for the convenience of the analysis because for quasiuniform meshes the discrete norm
|||z defined this way is equivalent to the ordinary L?—norm in M.
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With respect to the discrete product (-, -)x for each k, we define an operator Ay :
Mk = ./\/lk by
(Apu,v)p = A(u,v), u,v € My. (3.10)

where A(-,-) is given by (3.3). This operator will be used later on, and may
regarded as a discretized elliptic operator £ given in (3.1).

The following matrix is often called the stiffness matrix:
Ak déf (A((Eza (Ej))nkxnka

_ 2-d
where {¢;} = {h,; ¢;} are the scaled basis functions.

The reasons for using scaled nodal basis to define the stiffness matrix will
become clear when we discuss its condition number in Section 3.13.

The stiffness matrix A* is the one that one has to use in actual programming on
computers. However it will play no roll in later analysis or even in the formulation
of our multigrid algorithms. Instead, the operator A; will be used, since we found
this more convenient in our analysis. As one may expect, A¥ and A; are closely
related. In order to give an explicit formulation, we first need to relate the vector
function space My and the Euclidean space IR™. These two spaces are actually

isomorphic and a rather natural isomorphism I'j, : M, +— IR™ can be defined by

d—2
(Tpu); & hy2 u(ah).

(2
It is easy to see that I'y is indeed an isomorphism and furthermore it gives rise the
following identity:

Nk

u= Z(Fku)zﬁgz

=1

In terms of I';, we can then formulate the relationship between A* and A as

follows:
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Proposition 3.1 The following diagram is commutative:

My 5 R™
M, 25 R™

Namely,
h,;2Aka = FkAk, or h,;QAk = FkAkF,;I

This proposition somehow identifies the operator A; and the matrix A*. Be-
cause of the above relationship, one may say that A, and h;, 2A* are similar to each
other. As a direct consequence, A, and h;,2A* have analogous spectral properties.
In particular we have

r(Ag) = K(AP),

where k is the condition number.

Proof. For any u € My, it follows from definition-tracing that

(Tedpw)i = hy? (Agu)(z:) = hi2(Agu, d)i = his2A(u, 6;)

= 2> Aldi, &) (Tiu); = hy*(A*Tpu);,
J
as desired. H

3.4 Inverse Inequalities

Inverse properties are important in the theory of finite elements, because they allow
one to relate various Sobolev norms of finite element functions. In the following
we will include a few useful inverse inequalities. In particular, we give a proof of
an inverse inequality in the fractional norm. To the author’s knowledge no proof
of this result is available in the literature; an alternative proof may be found in

the joint paper by the present author, Bramble and Pasciak [25].
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3.4.1 Local Inverse Inequalities

The ordinary inverse inequalities are based on the the local inequalities on each

element of the triangulation as follows:

Proposition 3.2 Assume that {7y, k € I} is satisfies (A3.1), then for any p >
dkeZ,re€ Ty andu e My,

[ulm ) S 7wl g,
and

~(m+2)
[ullwmeery S he ooy, m=0,1.

The idea of the proof is to map 7 to a fixed unit size reference element and
then utilize the fact that any two norms on a fixed finite dimensional space are

equivalent. For details we refer to [36].

3.4.2 Global Inverse Inequalities

The following global result can be derived immediately from Proposition 3.2.

Proposition 3.3 For anyp >d,k € Z,7 € T}, and u € My,
[ulme) S b lull ), (3.11)

and

d
,(m+5

)
||u||Wm,oo(Q) < hk ||u||Lp(Q), m = 0, 1. (312)

~ —

In particular, if {T+} is quasiuniform, the above two inequalities hold with hy in

place of hy,
Taking p = |log hy|, we immediately get

Corollary 3.1 |[|||z=(0) and ||| iwsn, iy are uniformly equivalent norms on My,
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This result seems interesting since it indicates that in the finite element spaces
certain LP norms actually dominate the L°° norm uniformly, which seems to be

first observed by Chen [35].

3.4.3 Fractional Inverse Inequalities

Next we are going to show an inverse inequality in a fractional Sobolev norm. We

start with a preliminary result on more general polynomials.

Lemma 3.2 Let m be a nonnegative integer and

om L v € LX(Q) s o], € Pl7), Vr €Ty}

then

oo < b ol iz, Vo € Sk, (3.13)
for 5 €0, %)
Proof. By (2.1), one has
||u||%15(9) = HUH%Q(Q) + |U|%-Iﬁ(ﬂ)
where
_ 2
\vﬁqa(g) :/Q Qdedy.

Evidently the above integration can be written as a summation of the following

three integrals:

def v(y)l?
L = > /T ., |x—y|d+25 dzdy,

TN7T'=0

def |U ( )|2
AL S / ey
TOT A0, 74T T Jr!

def )‘2
I3 = Z/ |x— |d+2ﬁ —————dxdy.
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Because of the symmetric position of 7 and 7/, we have

TNT!'=
<Y / o(a) P / e —
~ T ly—z|>ch |.T — y|d+2ﬁ
< Rl

Now take 7 # 7/, 7 N7 # (), for x € 7, and define
d, = dist{x,7'}.
Then
) dy<27r/doord_ldr<d2ﬁ.

_ yld+26 — d+28 ~ 7%
T R @ — y|*20 rd+2o

Since 3 < %, it is easy to check that
/d72ﬁ < h272,6’
xT ~ °
-

Consequently,

IEDS h*~ QBZHU ShT QﬁHU”%?(Q)

The estimate for I3 is easy, we have

—yl
I3 S Z|U|1oo’r//’$ ’d+2gd$dy

S WY R e S T 0l 2.

The desired result then follows. B

As a direct consequence of the above lemma, we have the inverse inequality for

our finite element functions in fractional Sobolev norms as follows:
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Theorem 3.1 If 3 € [0,3), then
lollaes@ S b llvlm@, Yo € M.

Above all, the above theorem shows that a continuous piecewise polynomial

actually belongs to H™#(Q) for 3 € [0, 1), which is not obvious but a known fact.

3.5 Quasi-uniformity and Mass Matrix

Quasiuniformity is an important property of a family of triangulations. One has
to be very careful in situations where this assumption is violated. Without quasiu-
niformity, many nice properties simply break down, as we will see in the following.

Given u € My, we have

||u||%2(9) = > ||“H%2(T)

’TETk

= > h S |ulz))? (3.14)

TETk zeTNNE

X

ng
> hilulad)?. (3.15)
i=1

By the mass matriz we mean that

Mk déf (((Z_bw éj))nkxnk'

For £ € R™, we have

< ngaf > = Z (¢za¢] 515] HZ€J¢JHL2

i,j=1
= Zh IZ@@SJ Zh &

Consequently we have shown that
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Proposition 3.4
< MFEE >=< M€ &>, Ve R™,

where

MY = diag (hiz)
Proposition 3.5 The following are equivalent:
1. {Ty : k € T} is quasiuniform.

2. For all u € M,
[Jwll = ] (3.16)

< MFu,p>=< h2ul?, Ve R™. (3.17)
4. The following inverse inequality holds:

Proof. The equivalency of 1), 2) and 3) follows directly from above proposition.
It was known before that 1) implies 4). To see the contrary, we take u = ¢; in

(3.18) and obtain that hy < hg; Vi, which implies 1). This completes the proof. B

3.6 Some Estimates for the Interpolation Oper-
ator

In this section, we will provide some estimates for the nodal value interpolation

operator I, : C(Q) — M, defined by

(L) (x¥) = u(zF), Vak e M.

)

The first result to be included is well-known and can be obtained by the
Bramble-Hilbert Lemma.



~ 40 -

Theorem 3.2 Assume d < 3 and {7y, k € I} is quasiuniform, then

I(Z = Tx)vll ey + hall (I = Tx)vllz @) S Pillvllmee), Yo € H*(Q) N Hy(Q).

The assumption that d < 3 in above theorem is to guarantee H?(Q2) — C()
which is necessary to control the interpolation operator. The following result

however relaxes this restriction in some special circumstances.

Lemma 3.3 Assume {7y, k € I} satisfies (A3.1) and | > 1 is given. Then we

have

(L = Ix)v|| ey S b ||V o), Vv € Py(7), V1 <p < o00,V7T € Ty

The estimate provided in above lemma does not in general hold for v € W'P(7)

when the imbedding W'?(Q) — C(Q) does not hold (e.g. p < d).

Proof. Let 7 be the standard reference element, for any 7 € My, we have an
affine diffeomorphism:

F,:7w— 7.
For any function v € L?(7), we adopt the following standard notation:
o(z) =v(F(z)), T€T.
Due to (A3.1), we can show that (cf.[36])
4
1L = L)vllLery S W7 (L = Lx)0 | Logs)- (3.19)
Since P;(7) is a fixed finite dimensional space, we get from (2.13) that
(7 = L)ollzoy S Wollwne)-
Replacing v by 0 + ¢ for ¢ € P1(7), we get

H(f — jk>f)||Lp(€—) ,S qeipnlfé%) ||7Af + (jHWLp(f')

R 1-2
5 ||V/U||Lp(ff-) < h'r pHVUHLP(T)'

~
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The desired result then follows by combining the above estimate with (3.19). B

Theorem 3.3 Assume {Ty,k € I} is quasiuniform and 3,6 € [0,1) are given.

Then we have
(1 = Ll a-s) S bl sy, Yo € HY(Q) N Hy ().
Proof. By the interpolation property of Sobolev space, it suffices to show that
(1 = Il S i lollmssy, Yo € HYF(Q) N Hy (), (3.20)

and

||(I — ]k)UHHl(Q) ,S hi”U“HH“S(Q)a Yo € HH_&(Q) N Hol(Q) (321)

Proofs of (3.20) and (3.21) are similar. Hence we will only show (3.20). For this

purpose, it suffices to show that
I(Z = L)vll 2y S RV s, (3.22)
since by the integral representation of the fractional norm, we have

Z ’VU’%&(T) < ‘VU‘QHa(Q).

TGTk

The idea to show (3.22) is again to use the Bramble-Hilbert technique. As before

let 7 be the reference element, by changing variable, we have
é = - A
(I = Li)vll 2y < he[[(1 = 1) 0|2z
Since H'*(#) < C(#) and I, is invariant on linears, we get

T — 1)l oy < inf |[0+4 N
I = 1)dlleey S _dnf 110+ dllmsse
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In virtue of (2.13) in Theorem (2.3), we have

inf 6+ dll sy S [Vl ae-
@elpnl(%) 19 4 Gl mrvezy S VO ms sy

Mapping 7 back to 7, it is elementary to check that

A 1462
IVolgsy Sl 2 VU ko).

The desired result then follows. B

3.7 Discrete Sobolev Inequalities

The aim of this section is to prove the following discrete imbedding theorem for

general nonquasiuniform meshes.

Theorem 3.4 Assume {7y : k € I} satisfy (A3.1), then for any v € My,

_1
Wle@ < Noghal™ dllwllajppe, =1, (3.23)

wm particular,

_1
lvllc@) S 1og k'~ [vl1,a.0- (3.24)

For a special case d = 2, this type of inequality has been mentioned by many

authors. cf. [97], [23].

Proof. Applying Corollary 2.1 in Chapter 2 (for ¢ = 0o, s = 1) gives,
_1
[vlle@) S Hog byl '~ vllwarmn@y + Mlvllwie o). (3.25)

Using the inverse property (3.12), we find that

[0][100.00 S By " [0 (3.26)

d
wrP(Q)

for some a > 0 depending on d,p. The proof is therefore completed by taking
e=nhy. 1
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3.8 L? Projections and the Simultaneous Approx-

imation Property
For each k € Z, the L? projection Qy : L*(2) — My, is defined by
(Qru,v) = (u,v), Yu e L*(Q),v € M,.

The aim of this section is to establish an error estimate for @ on H' in the

both the L? and H' norms, namely
lu = Quullz2() + hillu — Qrull o) $ hllulla ),  Yu € Hy ().

Using the triangle and the inverse inequality, it is not difficult to show that the
above estimate is equivalent to the following so-called simultaneous approximation
property:

nt (Il + Al Xl ) S hellull, Vo€ HY@). (327
This property has been assumed in some papers on finite elements. But it seems
that no proof is available in the literature. This estimate is actually true in any
number of dimensions. Bramble showed to the author that an application of the
results in Hilbert [51] would give rise to a rather simple proof. Another proof may
be obtained by using the standard average smoothing operator and Zygmund-
Littlewood universal extension theorem, which was shown to the author by Schatz
and Wahlbin. Recently R. Scott and S. Zhang [81] have constructed a kind of
interpolation operator for nonsmooth functions that can also be used to give a
proof of this result. In order to avoid some technical details, we have decided to
take a more elementary approach here to establish the result in special cases where

d < 3, which is sufficient in most applications.

Error Estimates
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Theorem 3.5 For 3 =0,0r1, and u € HP(Q) N H} ()

lu = Quullrzy S W llull ares o (3.28)
lu = Quullmey S Wllullao)- (3.29)
Proof. In the cases d < 3, we have the following Sobolev imbedding;:
H*(Q) — C(Q).

Hence by using the nodal value interpolant I}, and applying Theorem 3.2, we can

get
lu = Quullza) < llu = Tvull ey < Pillullszi),  Yu € H* () N Hy(Q),
which is just (3.28) with § = 1. On the other hand
lu — Qrull 2y < llull@),  Yu € L(Q).

Therefore (3.28) with § = 0 follows by applying interpolation to above two
estimates. The proof of (3.29) is similar to (3.28) by considering H'—norm in

place of L?—norm and using the stability of Q, in the H!—norm which is provided

in Theorem 3.6 below. B

Stability

The stability of the L? projection in the H' norm was perhaps first proven by Bank
and Dupont in [10]. In their proof, it was assumed that the regularity condition
(3.5) holds for a« = 1. As we pointed our earlier, it can be directly obtained assum-
ing the simultaneous approximation property (3.27) which is actually the approach
that Mandel, McCormick and Bank take in [66]. A more general discussion of this
problem can be found in Crouzeix and Thomee [38]. Our treatment here is not to

take the simultaneous approximation property for granted, instead we will prove
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the stability by a local argument and then we use the stability result to prove the

simultaneous approximation property.
Theorem 3.6 If0 < 3 <1, 8 # L, then for all u € H(Q) (8 < 1) or HJ(Q)
B>3)

1Qrull sy S lullas@)- (3.30)

By the interpolation technique, it suffices to show (3.30) for # = 1. The main

ingredient of the proof is the local L? projection Q, : L?(7) — Py(7), for any given
7 € T}, defined by

(QTU, ¢)L2(~r) = (u, ¢)L2(7)7 Yu € L2<T>, Q€ Pl(T).

Let 7 be the standard reference element and ~ is as defined as in the proof of

Lemma 3.3. If Q); is defined similarly, it is then straightforward to verify that

—

Qru = Qrt. (3.31)
Lemma 3.4
Q-ulm S |ulmey, Vue HY(r), (3.32)
and
||U - QTUHLZ(T) 5 hk‘u|H1(T)7 Vu € Hl(T)' (333)

Proof. It follows from (3.31) that (3.32) is equivalent to
Qi) S lilms), Yo e H(7). (3.34)
Since all the norms on P;(7) are equivalent, we have
@+t 7y S N1Qrttll 2z < Nlllz) S Nl e,
which, since Q;¢ = ¢ for any ¢ € IR', implies that

Qrileey S Inf @+l < lili .
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This proves (3.34) and hence (3.32).
Now we come to the proof of (3.33). By changing variables and using (3.31),

we get
lu = Qrull gy S 1iIla — Qrll s
S0t i ey < Bl
S BT P il ) S hiluli e)-
This completes the proof. B

Proof of Theorem 3.6:

It follows from the inverse inequality, Lemma 3.5, and Lemma 3.4, that

‘Qkuﬁfl(ﬁ) = Z|Qkuﬁql(r)

TETY

2> {lQwu— QTuﬁfl('r) + |Q7U@11(7)}

TETL

IN

A

AP Quu — QrulFary + ulfngy )

TETY

S 2l = Qrullfaiy + lulF } + b llu — Quull7z
TETY

S Julp o).
The desired result then follows. B

Simultaneous Approximation Properties

Proposition 3.6 For any u € H(Q) N HE(Q) (B =0 or 1), there exists v, €
M, such that

lu = vgll 2@y + hllw = ol @) S ol sy (3.35)
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Proof. Take v, = Qpu. R
The above simultaneous approximation property holds for more general bound-

ary conditions. For example, if 'y C 0€) is a measurable subset, then we have

Proposition 3.7 For any u € H} (Q), there exists v, € My, N HE (Q) such that
(3.35) holds.

3.9 Weighted L?> Projection

The motivation of this section is to study the convergence property of the multi-
grid method applied to interface problems with strongly discontinuous coefficients,
applications can be found in Section 10.4.

Assume the domain €2 admits the following decomposition:
— J —
Q= (3.36)
i=1

where (2; are mutually disjoint.

Let I" denote the set of interfaces, namely
[ =uUl,00;\ 0.

For simplicity, we assume that I" consists only of segments (d = 2) or plane polygons
(d = 3). In other words, no part of any 92; away from 0f2 is curved.
Given a set of positive constants {w;}7_,, we introduce the following weighted

inner products:
J
(u, )2 (0) = D wilu, v) 20y, (3.37)
i=1

and

J
(u, U)Hi(ﬂ) = Z wi(Vu, V'U)L?(Qi), (3.38)

i=1
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with the induced norms denoted by ||-||z2 () and | - |1 ), respectively.

As is done in Section 3.5.1, we assume that  is triangulated by a nested
sequence of quasiuniform meshes {7, : k& = 1,...,j}. An obvious additional
assumption we need here is that these triangulations will be lined up with the sub-
domains €2;’s. Namely the restriction of each 7 on each €2; is also a triangulation
of €; itself.

The weighted L? projection Q¢ : L?(Q2) — My is defined by

(Q;:U,U)LE)(Q) = (u, 'U)LE)(Q), Yu € L2<Q), v E M. (3.39)
We will derive error estimates for ()¢ of the following type:
17— QP)ullizer < Chilulmyey, Y€ HY(Q).

The point here is that we require that the constant C' appearing in the above

estimate does not depend on the weights {w;}. Again we will use the notation “<”

in place of “ < C”, where C' is in particular independent of w;’s.

We introduce a weighted inner product on L?(T') as follows

J
u, v = ;uvd.
(u,0)r2(r) ; /({mi\mw

Denoting My(I) & {vr : v € My}, let P¥ : L2(T) — M,(T) be the
orthogonal projection with respect to (-,-)z2 )
The following lemma shows that the estimate we need can be reduced to the

estimates on interfaces.

Lemma 3.5 For all u € Hj(f2)

(I — Q)ull 2@ S halulu oy + by u — PFul| 2 -
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Proof. On each domain €2;, by simultaneous approximation property, there exists

a w; € Mg(€2;) such that
|u — wz‘||%2(szi) + hilu — wz‘”?{l(gi) S hi““”?{l(gi)-

Let w € M, be such that

— at the nodes in €Q;;
| Pku, on T.

Therefore

J J
lu—wlZz) S D willu —willfa,y +hi D wi D [(w— Bru)(p)]®
i=1 i=1  pel;

J

S D willu = williay + helle = Brullzz o + hille = wllzz o)
=1
J

< S wiblulldn o, + helle — Prulls r

i=1
S hilulayo) + hillu — Plullz ).
The desired result then follows since
lu = QFullz @) < llu—wlliz@)-
|

Theorem 3.7 Assume the decomposition (3.36) has no crossing points, namely

there is no point on I’ that belongs to more than two Q;’s. Then, for all u € H(Q)
(I = QP)ullrz @) S helulmy @), (3.40)

and

|Qpulmy) S Ul @) (3.41)
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Proof. Define a function ¢ € M (T") by
o= Pﬁiu on each I';,

where P} : L*(T';) — M(T;) is the orthogonal L*—projection. By the hypothesis

that I' has no crossing point, ¢ is well defined. Note that on each I';, we have
lu = dll2ry < llu—will2ry)-
Due to Lemma 2.2

lu = will 72,y < i tllu — will 22, + Pellu — will3nq,)-

Hence,
hillu — wiH%Q(ri) S u— wiﬂiz(m) + hilu — wi”%ﬁ(ﬂi)
S hi|u|§{1(9i)'
Consequently,

J
hillu = Phulliz o) S by willu = dllar,
i=1

SIS by = Wl
Applying Lemma 3.5 gives to (3.40).
The proof of (3.41) is identical to that of (3.30) for § = 1. This completes the
proof. &
Remark 3.1 With a complete different but much more complicated approach, it
is possible to entend the result of Theorem (3.7) to more general case (with crossing
points). The proof will be reported elsewhere. However, a special two—dimensional

result can be found in Section 4.1.3 of the next chapter.
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3.10 L? Quasi-projection

In this section we will choose the discrete inner product (-, -); on M in a special

way, namely
’(U,U)k — (U,U)LQ(Q)’ ,S thuHHl(Q) HUHk, Yu,v € My. (342)

One way to do this is to use a quadrature rule in the ordinary L? inner product
and define

=77 X 1 X (),

TETk zeNENT

We notice that the k—norm induced by (-, ), defined above satisfies
[v][r20) =< [Jv]ls, Vv € M. (3.43)

By Lemma 3.3, it is easy to show that this choice of (-, ) gives rise to (3.42) in
any number of dimensions.

The L? quasi-projection we shall discuss is an operator Il : L*(Q) — M,

defined by
(v, @) = (v,9) 12y Yo € L*(Q), ¢ € M.

Notice that unless (-,-)r = (-, ) r2(q), Il is not a projection, namely II,¢) # ¢, for
¢ € My, in general.

By definition, we can see that the action of II; should be much easier to compute
than that of the L? projection @i but we will show next that properties of II;, are
quite similar to those of (). Hence II; may be regarded as something in between
(), and the nodal value interpolant I, and it will be a candidate for the so-called
prolongation operator in the multigrid algorithm when [ is not likely to work as

a prolongation.



52
Lemma 3.6 For any v € H}(Q) and s € [0,1]
ITLv] s ) S vl s, (3.44)

and

I(L — 11 )v]

w) Sl o) (3.45)
Proof. By definition, for any ¢ € M,
(Hkv, @)i = (v,0) < l|vllr2() | lk-
This, together with (3.43), implies that
kv lz2) S vllzeo)- (3.46)

Using the L?— projection Qj,, we get

(v — Qrv, d)r = (v,¢) — (Qrv, P)i
= (Qwv,9) — (Qrv, 0) S M| Qrv a1y [Pk

S hllvllar @) |6l

Hence, by (3.43)

||Hkv - QkUHL2(Q) 5 thUHHl(Q). (347)

Since ||( — Qx)v|| < hl|v|| (o), the triangle inequality then gives that
I = )l < hellvllan o)- (3.48)
It follows from the inverse inequality and (3.47) that

0 — QkUHHl(Q) S ||U||H1(Q)'



- 53 -

Hence
(I = H)v[[me) < (1 = Qu)vllme) + [T — Quollae) S [lv]lm ).
Hence
(I =)ol gy S lvllar @) (3.49)
or
vl g @) S vl @) (3.50)

Interpolating between (3.46) and (3.50) gives (3.44), (3.48) and (3.49) gives (3.45).
|

Remark 3.2  Define m;, : My — Mj by
(Tru,v) = (u,v), Yu,v € M.
Similar to Lemma 3.6, we can show that, for 3 =0, of 1

|mrv]| o) S llaswy, Yo € M. (3.51)

Using the equivalence (3.52), the above inequality can then be extended to 0 <
[ < 1 by interpolation.
It is straightforward to check that, on My, I, = 7', therefore combining

(3.44) and (3.51), we then get

o]

Hs(Q) = HU’ Hs(Q)) 0 S S S 1, NS Mk

3.11 Galerkin Projections
For each k € Z, the Galerkin projection Py : H}(2) — M, is defined by
A(Pyu,v) = A(u,v), Yu € Hy(Q),v € M.

The following result can be obtained by a standard duality argument with the
elliptic regularity estimate (3.5):
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Proposition 3.8
I = Poullm-e@) S hellullmn, Yu € Hy(Q),
where a is as in (3.5).

We will have occasion to need the stability results for Py in certain norms. Its

stability in the H! norm is trivial, but the following result is not obvious:

Proposition 3.9

[ Prull sy S llullmvsy, Yo € HFP(Q) N Hg ().
ifo<p<i.
The proof to be included below was essentially due to Bramble and Pasciak.

Proof. Setting 0; = %, we have
| Prull gries ) S 1 Peull o) + Z 10s Prut|| g 2y

Obviously it suffices to estimate the second term. For each ¢, we have
10 Peu|| oy < 1|0 Pru — QrOsul| gy + [|Qroiv|| go(q)-

It is trivial to bound the second term because of (3.30). To see the first term, we

use the fractional inverse inequality (3.13) and deduce that
10: Pru — Qr0zul| go o
N hzﬁ\laiPku - Qkaiu”LQ(Q)

< R (110: P — 9,Qwu| L2y + [|0:Quu — Ol 2oy + (|0 — Qrdiu 2o

< P = Qu)ulln ey + (T — Qu)ull oy + (T — Qi)dsul r20)
< BT = Qu)ull ey + I — Qi)dsul| z2o)
S ||U”H1+B(Q),
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where in the last step we have used Proposition 3.5. The proof is complete. B

3.12 Equivalence between Discrete and Contin-

uous Fractional Norms

For the elliptic problem (3.1), it is well-known that ||-||zs(q), for 0 < s < 1, is
equivalent to, say, HE%-HLz(Q). Since, as we know, A is a discretization of £, the

following result is then not surprising:

Lemma 3.7 Assume 0 < s <1, then

2
1A%l = ul

Hs(Q) Yu € M. (352)
If furthermore (-, ")y satisfies (3.42), then (3.52) also holds for —1 < s < 0.

Proof. For 0 < s < 1, it was proven by Bank and Dupont in [10] by interpo-

lating the L? projection operator and inclusion operator, since for s = 0 or 1 the
corresponding results are then trivially true. Next we will show the results for

negative s by using the result for positive s.

Let s € [-1,0), then s = —( for § € (0, 1]. Hence, for any v € M, we can use

the operator 7, defined in the end of last section to deduce that

g 2 3 3
1A, 2 vl = (A v, 0)p = (M AL "0, v)

< ||me A "ol ms @ vl sy S 1A% vl syl g-s@
< || A5 4B i
S A APvlkllvll -8y = 1A vlikllvll -8,

namely

_B
1A, * ol S llolla-s()-
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On the other hand, for any ¢ € H?(£2), using Lemma 3.6 we have

(0,6) = (0.06) = (A, 70, AZTLo),

_B _B
| Ay, 2”||k||Hk¢||HB(Q) S A, 2v||k||¢||H5(Q)a

IN

thus
-4
vl -0 < 1A 2 ][k

This completes the proof. B
The following norm result shows that the preceding lemma may still hold for

some s > 1.
Proposition 3.10 Assume (-, )y satisfies (3.42). If 0 < 3 < %, then
148
1A% ulle S lJullgve)  Yu € M.

If furthermore 3 < min{1, o}, for a in (3.5), then

148
ull gres) S 1AL ullk Yu € M.
Proof. By Lemma 3.7, we have
148
[A:? ullr < ([ Awullo-1(q)-

Taking ¢ € C3°(2), and using Lemma 3.6 and Theorem 3.6, we get

(Apu, @) = (Apu, Qi) = (Apu, IQro)k

= Au, ILiQro) < |lullgreso [Tk Qrd |l r1-5(q)

S “uHHHﬁ(Q)||¢||H1*ﬁ(ﬂ)-

This implies that

”Aku||H5*1(Q) S ||U||H1+6(Q)-
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Hence
148
1Ax? ullk S llull gres)-

This proves the first inequality.

To show the second inequality, we consider the auxiliary problem:
Lw = Aju.
Then, it is straightforward to check that
u = Pow.
Thus, using Proposition 3.9, (3.5) and Lemma 3.7 we deduce that
||U||H1+ﬁ(s2) = ||Pkw||H1+ﬁ(Q) N ||w||H1+ﬁ(Q)

51 118
< NAullgs—r ) S A7 Arulle S [TAG ull

The proof is therefore completed. B

3.13 Conditioning of A;

It is well-known that the efficiency of most direct or iterative methods for solving
a linear system strongly depend on the so-called condition number. Given a SPD
operator A on a finite dimensional vector space M, the condition number of A,

denoted by k(A), can be defined by

where Apax(A4) and Apin(A) are the maximum and minimum eigenvalue of A re-

spectively. We note that if pg and p; are constants satisfying

po(v,v) < (Av,v) < pp(v,v), Yo € M. (3.53)
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where (-,-) is an inner product on M with respect to which A is symmetricthen

we have

k(A) < m

Mo
Hence, in order to give an upper bound of k(A), we only need to prove an estimate
like (3.53).

The discrete elliptic operator A we have been studying is known to be ill-
conditioned, namely k(Ay) grows very rapidly as the mesh size of the triangulation
gets smaller. Some estimates for x(A;) will be summarized below.

The first estimate for k(Ag) in the case of quasiuniform triangulation was given
by Fried [44], who proved that x(A.) < h,?. It was also mentioned (without proof

however) by some authors (e.g. Axelsson and Barker [4]) that x(Ag) > hip?. The

following theorem includes such results.
Theorem 3.8 Assume that {7,k € I} is quasiuniform, then
)\max(Ak) = h’;2,

and, in fact

)\min(Ak) = 1.

Consequently,

K(Ak) = h,;z

Proof. By the definition of A, we have

and

A
Amin(Ax) = min (v,z;)‘
veMy ||v]lk
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The inverse inequality implies that

Amax(Ax) S by,

and it follows from Poincaré inequality and (3.16) that
Amin (Ag) = 1.
Consequently

Next we choose vy € M, such that it is one at the nodes in N, ,f (déf the set of

nodes that are adjacent to 0€2) and is zero elsewhere. Then

loolle” = hi D wol(@) Shi 3o >0 lvo(w) = volan)l?

xej\/’]? TGTk z1,22E€TNN

=y el

TETk 71,22E€TNNE hk

< MY [ Vel S hEA(vo, vo)

which proves that Apax(Az) = Ry 2, hence Apax(Ax) < h;% An upper bound for

Amin(Ax) can be obtained similarly by making a special choice of v. This completes

the proof. &

The following result, which is derived by the author from Bank and Scott [12],
gives an estimate of k(Aj) when the triangulation is not quasiuniform. We would
like to emphasize that for the nonquasiuniform triangulations, the discrete inner
product (-, ) is defined by (3.7) which is a kind of weighted L? inner product and
in general its induced norm ||| is not equivalent to the usual L? norm unless the

triangulations are quasiuniform.
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Theorem 3.9 Assume that the triangulations {T : k € T} satisfy (A3.1), then

we have
Ad7k||u||k2 5 (Aku,u)k ,S h,:QHUHkQ, Yu € Mk (354)

where

(hdny,)4, if d>3;

A =

(hinw) ™' (1 +log 35) ™", if d = 2.

Consequently
ng, if d > 3;

r(Ay) = K(A") =
ng(1 + log Z—:), if d = 2.

Proof. In any case, we have

(Apu,w), = Alu,u) = D A (u,u)
€Ty

5 Z h;QHUH%Q(T)?
TETk

hence, by (4.7) that

(Agu, w)e S Byl

This proves the right hand part of the estimate (3.54). To see its left hand part,
we first assume that d > 3. It follows from Holder’s inequality that

_ 2 —

Bllul® <030 h2llulli S 30 Nl

(1)
TGTk TETk

2 2
S (5 Vil g ) S nf (A
TGTk

where in the last step we have used Sobolev inequality (2.2).
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Now we come to the case where d = 2. Let p > 2, it follows from (4.7), inverse

inequality, Holder inequality and Sobolev inequality (2.7) that

—4
_ 2 ry
hiltllulle S0 X0 lulliemy S D2 A llullzoem
TGTk TETk

e =4 p=2
S (X )l SO b)) T Alu,u),
TeTk’ TeTk

Notice that meas(€2) < ¥ .7, h? < nih?, hence, ny' < h? and

TETk

Taking p = max(3, log Z—:) leads to the desired result. B



Chapter 4

Multilevel Theory of Finite
Element Spaces

This is a continuation of the preceding chapter on the theory of finite element
approximations. So far, we have studied the family of the triangulations {7, k €
7} without much concern about the index set Z. In this chapter, we will take
Z=1{1,2,---,7} for a given integer j. The corresponding triangulations {7 s, k =
1,---,7} and finite element spaces {My : k = 1,-- -, j} will be the basic ingredients
of the multigrid algorithms to be developed. How to set up these triangulations
depends on the background of the problem. What we mean by a multilevel theory
here in this chapter is that the interaction among spaces on different levels of
triangulations is taken account into the analysis.

Basically we will have two different kinds of multilevel spaces, one is related to
nested meshes while another is related to nonnested meshes. Roughly speaking, a
sequence of meshes are said to be nested if for each k, 7 is obtained by refining
Ti_1, and hence Mj_ is a subspace of M}, whereas these properties are no longer
valid on nonnested meshes. As one may expect, the analysis for nonnested meshes
in general is more difficult.

Our main purpose here is to study the relationship among the multilevel spaces
{My : k=1,---,5}. In order to do that, we need something to link successive

spaces. This role is played by the so-called prolongation or restriction.

62
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The prolongation is the operator, denoted by Zj, that transfers functions in
M1 into M. The principles for choosing a prolongation should be first of all
its action is relatively easy to compute and secondly it has certain approximation
properties. On the nested meshes, the natural inclusion operator is obviously the
best candidate, otherwise the interpolant or some other kind of projection operators

can be used.

The restriction is the operator that takes functions from M, into M_;, which
in our theory will be defined as the adjoint of Z;, denoted by Z}, with respect
to the discrete L?>—product defined by (3.7) for nonquasiuniform triangulation or

defined by (4.3) for quasiuniform triangulations, i.e. Z} : My — M;_1, satisfies
(T, vi-1)k—1 = (wg, Tpvp-1)k, Y, € My, vp1 € My

Notice that the action of Z} results from inverting a diagonal matrix.
Another very important operator in our theory is the adjoint of Zj, denoted by

T, with respect to the inner product A(-,-), i.e. Z; : My — Mj_; satisfying
A(Ziug, vi—1) = Alug, Tyvg—1), Vur € My, v € My_1.
The following obvious identity is useful in our later analysis:
A(Ziug, vi) = A(ug, g Pe—1vg),  Yugp € My, v € My, (4.1)
By the definition, the following relation holds:
I; = AL TLA.

In the case of nested meshes, Z; is just the Galerkin projection Py_; if Z is the
natural inclusion. Hence we would expect Z}; to have properties similar to those of
P .

One of the main purposes of this section is to properly chose the prolonga-
tion operator Z, and to show the following so-called reqularity and approximation

property:
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A = T L), v)| S O ARIR) A(v, 0)'77, - Vo € My, (4.2)

where 3 € (0, 1] is a constant.

The regularity and approximation property of the form (4.2) will play a crucial
role in our multigrid theory. As is meant by its name, it is closely related to the
elliptic regularity of the underlying problem and the approximation property of

the finite element spaces.

4.1 Nested Quasiuniform Meshes

In this section, we shall confine ourselves to domains that can be triangulated by
a sequence of nested meshes. For Dirichlet problems, this essentially assumes that
the domain is a polygon in IR? and tetrahedral in higher dimensions, since it seems
impossible that a general domain with curved boundary can be partitioned so that
a sequence of nested spaces can be constructed.

Therefore we assume that {2 has been triangulated with a nested sequence of
quasi-uniform triangulations Q = U,;7{ of size hy, for k = 1,...,j where the quasi-
uniformity constants are independent of k (cf. [36]). These triangulations should
be nested in the sense that any triangle 7/ ; can be written as a union of triangles
of {7}}. We further assume that there is a constant > 1, independent of k, such
that

hy =<k

We recall the discrete L? inner product (-, )z on My is defined by

(u,v) = hi > u(@)v(x). (4.3)

$6Nk

We shall take Zj to be the natural inclusion in this case, hence 7}, = FP,_; as we

mentioned above.
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4.1.1 Error Estimate for the Galerkin Projection

Our first result is taken from Bramble and Pasciak [21], which verifies (4.2)
Theorem 4.1 Assume « is as in (3.5). Then (4.2) holds with § = «. Namely
A((I = Po_y)u,u) < A | Apull2)Alu, w) =, Yu € M,,. (4.4)

Proof. Let u € My, applying Schwarz’s inequality and Lemma 3.7 gives

1+«

lia 1-a

A((I = Penu,u) < (A w, Ay? (1= Bea)u)y
lia 1-a

< A allkllAg® (I = Peoy)ullx
1ta

< A allll( = Pe-y)ull e

By Hoélder’s inequality,

1/2

L 11—« 2a
14:% ullx < (A(w, )= Agull7) (4.5)

By Theorem 3.8, Ay < h; 2 and therefore the theorem results from combining above

inequalities with Proposition 3.8. B

4.1.2 The Role of the Elliptic Regularity

It is well known that estimates of the form of (3.5) do not in general hold for
a = 1 and the range of o/s for which they hold depends upon the regularity of the
coefficients defining £ and the smoothness of ). A frequently asked question is if
the elliptic regularity is also crucial to the discrete approximation result like (4.4).

The following result provides some answers to this question.

Theorem 4.2 The following are equivalent

1. (3.5) holds for a =1 (full pick-up).
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S

co

(I = Per)ulle S hipllAkulle,  Yu € M.

r

N Pe-rullk < llulle,  Vu € M.

D

The most interesting and also most nontrivial part of this theorem is perhaps
that (2) = (1), which was first observed by Decker, Mandel and Parter [39]. The
proof given below however was obtained by the author independently. The estimate

5) seems a little subtle; it is very tempting to assume 5) without assuming 1).

Proof. We will show that

1) 2)=3)=4)=5)=6) = 2).

In Theorem 4.1, we have proven that (4.4) is a consequence of (3.5) for any «,
hence 1) = 2). we next show that 2) = 1).

To continue the proof, we need to define M, for all £ > 1. For k£ < j, these
spaces are defined in the beginning of this section. For k& > j, we can define the
spaces My, in a similar fashion by induction. It is well-known that, on H}(2), for
any fixed m

Rﬁ—Z(&—ﬁﬂzﬁm&:L
k=m+1 o

hence, if u is the solution of (3.1)(for any given f € L?(2)),

o0

(I=Pu)u = > (P~ Pe1)u

k=m+1

o0

= Y (I—Piy)Pu,

k=m+1
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where we have used a fact that P,_1 P, = P,_;.
Taking the H'—norm on both hand sides of above identity and applying triangle

inequality and assertion (2), we get

o0

(I = Po)ullaey < > I = Pi1) Poullmie)
k=m+1

k=m+1

By definition, Yv € My,
(AxPru, v)r = A(Peu, v) = (f,0) S [ F 2@ llvllk,

which implies that
[ AxPeulle S N1 fllz2()-

Consequently
(I — Pm)u”Hl(Q) S Z hi|| Ak Pl |k
k=m+1
S Y hllfllee) S Pl fllze),
k=m+1
since

k=1

k=m+1

Therefore, we conclude that for any m > 1, f € L*(Q) and the corresponding
solution u of (3.1),

17 = Pu)ulliny S ol Fll2c (4.6)

It is known that this holds if and only if (3.5) holds for & = 1, ¢f. Wahlbin [84].
This proves that (2) = (1).
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To see 2) = 3), we use a duality argument. Let v = (I — Py_1)u,
(1 = Pey)ulle® = (I = Peoa)u, v)i
< A((I = Pe-)u, Aiv) < A((1 = Pioa)u, (I = Peor) A o)
< = Pes)ull i@ I(7 = Pee1) A 0l o)
< hill Awulli[v]l,

which implies 3).
It is very straightforward to verify that 3) = 4) = 5), since, by Theorem (3.8),

1
[AZulle S hyHulle, Yu € M.
To show 5) = 6), setting v = A Py_ju, we have
||AkPk—1UHk2 = (ApPi_1u,v), = (Agu, Pr_q1v)y,
< N Axullell Pervlle S Il Axullellvllx

which implies 6).
It remains to show that 6) = 2). To do this, using the L? projection Qp_;
defined in Section 3.8 and applying Theorem 3.5, we get

(7 = Pes)ulline) S A = Peo)u, (I = Pey)u)
= A((I - Qu-1)I — Po—t)u, (I — Po_1)u)
S U = Qe)( = Pev)ull 2o | A(I = Pev)ullx

S Mll(I = Peoy)ull go || Avul|r,

as desired. This completes the proof. B

4.1.3 More Estimates for the Weighted L? Projection

The weighted L? projection was defined and analyzed in Section 3.9 of the previous

chapter, where we have obtained some results for weighted L? projection under
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an additional constraint that there is no crossing point on the interfaces. This
constraint will be removed here in some special circumstances.

Our main result is devoted to two dimensional problems.

Theorem 4.3 Assume d = 2 and {7y, k € I} is quasiuniform. Then for any
T E Tk

P 1
I = Le)ullzzy < hillog 3°) 2 ulmy  Yu € M.
j

where I, : M; — My, is the interpolation operator which was defined in Section
3.6 in Chapter 3. Consequently,

w hk 1

I = Q)ullzz @) < I = Iullzz @) S hellog 3=) 2 ulmy@)  Vu € M.
J
Proof. Let 7 be the standard reference element, then
(I = Te)ullr2iqy S hall (1 = Ti)al| 2s).

It follows from the discrete Sobolev inequality (3.24) that

I = Te)all2ey < [laflzoes

h
S (log hk

~ h.
J

1.
)2 (|t 7).
Replacing @ by u + ¢ for any constant ¢, we have

PN h
(I = L)t 2s) < (log h’p% nf[|a+ el
hy,

LN h 1
< (log h*)z\u|H1<+) < (log fﬁ || 1 (7).
i j

The desired result then follows. B

If the space we are considering is somehow “close” to My, stronger results
can then be obtained. For example, we can use the same argument to show the

following
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Lemma 4.1 The following holds in any number of dimension:

(I — QY)ullzz ) S I — In)ull2) S helulay), Yu € M.

4.2 Nested Nonquasiuniform Meshes

Assuming we are given a nested sequence of triangulations {7,k € Z}, which
are not necessarily quasiuniform but still satisfy the basic assumption (A2.1). As
usual we have the corresponding finite element spaces {My,k=1,...,j}.

For any x € €2, we define a local mesh size

_ 1
|Ak,x|

hk,x

> b

TeAk,z

where Ay, = {7 € Ty : 2 € 7} and |Aj | is the number of elements in Ay .
We need to assume that any consecutive meshes are comparatively close in the

sense that

hic1p S hiee < hi—14, Yk, 2.

Y

Roughly speaking, the number of elements of 7; contained in any element of 75 4

is bounded.
The discrete inner product (-, -), will be still defined as in (3.7). It is trivial to

see that the induced norm ||-|| satisfies:

lall® = hi >0 hE2 30 Ju(@)P, (4.7)

T, zeNRNT
where h, = diam(T).
Lemma 4.2 For any v € My,

(T = Lim)oll” S hEA(v, ).



~71-

Proof. For any 7 € 7_1, it is routine to show that
(I = Tea)vllZoiry S P20l ), Y0 € My,

where h, = diam(T).
But
W 32 10 = Lee)v(@)]? ST = Te-1)vllZecr),

zeNLNT

and hence

B2 S = Lo (@) S ol

zeNENT

Summing over all 7 € 7_;, we then get

S n Y (= L) S Av,v).

e, zeNRNT
The desired result then follows because of (4.7). B

As we see that the factor k3 in the definition of (-, -); plays no role in the above

proof, it appears there because of the way we define (-, ).

4.3 Specially Coupled Nonnested Grids on Curved

Boundary Domains

In general, it is not hard to see that a domain with a curved boundary can not be
partitioned by a sequence of nested grids which successively more closely approxi-
mate the domain. Hence we have to use nonnested meshes. The way to set up the
grids is of course not unique. The triangulations we will discuss first are almost
nested ones, namely the nonnestedness only occurs near the boundary.

For simplicity of exposition, we assume the domain €2 is two dimensional and
convex. The techniques to be presented extend to higher dimensions in a straight-
forward way. A little bit more work seems to be needed for the nonconvex case;

we did not carry out the details however.
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We first define the sequence of grids and their corresponding subspaces. We
start with a coarse grid triangulation 7 ;. If 7,_; is defined, we then define the

finer grid 7 by refining each triangle 7 € 7 _; according to the following rules:

1. If there are two vertices of 7 lying on 0f2, one of its edges would cut off an arc
from 0€2. 7 is then divided into four triangles by connecting the midpoint of

the boundary arc and the midpoints of the other two edges of 7.

2. Otherwise 7 is divided into four triangles as usual by connecting the mid-

points of all its edges.

As soon as 7}’s have been constructed, the M,;’s are then defined as usual to

be the set of functions which are piecewise linear on 7, and vanish at the nodes

of T}, on 0f).
We make the following two hypotheses which depend on the choice of 7; and
the shape of 0€:

(H.1) All T ’s are quasiuniform of size hy satisfying
h’k’ = n_kv

for some constant n > 2 and the constants of quasiuniformity are independent

of k.

(H.2) dist{Q, 00} < hi where

Qk = UTETkT‘

In fact, n should be 2 in (H.1) by our construction. (H.2) is a weak constraint
on the multilevel triangulations. We will see that the most crucial point here is
the way the triangulations are obtained.

Even though the M}’s are not nested, they can be thought of as subspaces of
H}(Q) by extending the functions in My, to be zero in Q\ Q. Hence A(:,-) is well
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defined on all M;’s and prolongation operators Z : My_1 — M, are taken to be

the standard nodal value interpolants, namely
(Ziv)(z) =v(z), VreN;. (4.8)

The discrete product on My is defined by

(u,v) = hz Z (uv)(z).

LEENk

The key role playing in our analysis is the following super-approximation property:

Lemma 4.3

(I = Te)ollm < B2 ollm, Yo € M.

Proof. To illustrate the main idea, we present the proof for the two dimensional
case. By the construction of the triangulation, we only need to give the estimate

on the elements near the boundary since v — I v vanishes otherwise.

Take a boundary element Ajo3 € 751 as shown in the above picture from which
four elements in 7; are obtained by the described refinement process (note that

a7 is note a node). Let D denote the set consisting of these four elements and let
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a; = (&,m;), i = 1,---,7 be as shown in the picture. Obviously, it sufficient to

establish the following estimate:
|’U — IkUﬁ{l(D) s hk|?}|?;[1(A123). (49)

An elementary calculation shows that, on Aja3

iU(ac _n=- nQU(ag),
8$1 A123

and on A246

i =T
o (Iv)(x) = o v(agz).

where Ajo3 and Agyy are the areas of Ajo3 and Aogyr respectively.
Notice that
Aoy = 4A247(1 4+ O(hy)),

m —n2 = 2(n; — n2)(1 + O(hy)).

Thus on Agyy

0= Ta)n) = T uag) - )
= LRO(h)v(as) = O(1)v(as)
123
and on Agrg
o= 10)(@) =~ (&) = ~ ROl
= Ol ola)

Therefore

[ ) @Pdr = ([ [ (o L)) P

246 ar1 Aoygr A2r76 axl
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S (Aur + A276h1;2)112(a3)

2 2
S hv(as) S helvlin a,)-
The proof for 8%2 is analogous, hence

|2} — Ikv\%p(Am) S hk’Uﬁ{l(Am:&)'
Similarly
v — ka|§{1@165) S hk|v|§fl(A123)'

For [v — I1v|f1(a,s), We can easily use the same technique to derive the following
better estimate
2 2,2
|'U - [kU‘Hl(A456) rg hk"U|H1(A123)'

There is nothing to estimate on Assy since v — v is zero there. The estimate 4.9

then follows.

This completes the proof. B

As a direct consequence of Lemma (4.3), by using triangle inequality, we have

Lemma 4.4 There exists a constant C' > 0, independent of k such that

AT, Tiw) < (1+ Chi/)A(v,v), Vv € My,_,.
Consequently,

A(Ziv, Tiv) < (1 4+ ChY/DA(v,v), Yo € M.
Lemma 4.5 (4.2) holds for # = min(%, 1)
Proof. An elementary manipulation (using (4.1)) yields
A((I — T, Z})v,v)

A((I —I)
A((I —Z)Z}v,v) + A(v, (I — ) Pe_1v) + A(v, (I — Px_1)v)
A((I —Iy)

(1

Te)Ziv,v) + A(v, (I — Zp Pe—1)v)

Ik (I;: + Pk_l)v, U) + A(U, (I - Pk_1>U).



- 76 -

It follows from Lemmas 4.3 and 4.4 that
|A((I = Zp.)(Zy; + Pi-1)v,v)]

1
< hi A(,0) S O [ Awoll’) T A, 0)1.
Using Proposition 3.8 and triangle inequality, we can show that

1P(I = Pra)vll ey S P llvlla )

Consequently, from (3.52) and (4.5), we deduce that
A(v, (I — P—1)v) = A(v, Pe(I — Py—1)v)
l-a l4a
= (Ak2 Pk(] — Pk_l)U,Akz U)k
1+a
S NP = Pea)oll el Ap* vl

S Ok Awll*)E A(v,0) 5.

The desired result then follows. B

4.4 Loosely Coupled Nonnested Grids on Curved

Boundary Domains

The nonnested described in the previous section are not very flexible in applica-

tions. We will next study some more general triangulations.

In this section, the multilevel triangulation {7,k =1,---,j} are as-

sumed to satisfy both (H.1) and (H.2) from the previous section.

The point is that we need not specify the way in which the triangulations are
obtained, or how the different spaces should be related. Hypothesis (H.1) and
(H.2) seem to be the minimal requirements in the theory of nonnested multigrid

methods on quasiuniform grids, since, on the one hand, the spaces need certain
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approximation property to guarantee the convergence of the algorithm, and on
the other hand, they need to possess certain asymptotic properties so that the
complexity of the algorithm is desirable.

4.4.1 Using the interpolant as a prolongation: d = 2

As we mentioned before, the interpolation operator is a very natural choice for
prolongation; we will provide estimates for this choice in plane domain. The ar-
guments given below do not seem to apply in higher dimensions. In that case we

will use a different prolongation which will be discussed in the next subsection.
Lemma 4.6 (4.2) holds for f = min(%, )

Proof. Without loss of generality, we assume that o < % It follows from Lemma

(3.7) that

1+8

A((I = T Z)v,v) < |4 ollkll( = ThZg)vll -5 (0)-

Let us first quote the result in Theorem (3.3) that
1T = Zoolansy < B el (4.10)

for 0 < <1land0 < < 1. By the fractional inverse inequality, (4.10) also holds

for 6 = 0 when v € Mj_;. Consequently
| Zvi—1llmr) S lvk—1llmr@),  Vop—1 € My
which can be rewritten as
A(Zpvr—1, Trvp—1) S A(vp—1,0-1), Vg1 € My

Thus
A(I,jvk,I;;vk) 5 A(Uk, Uk), Yo, € M. (4.11)
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The triangle inequality gives that

(I = ZZ)vl sy < (I = Pe-1)v| m1-5(0)

+ (I = Zp) Tyl ar-s@) + 1(Zk — Pe-1)vll gi-s(o)- (4.12)
The estimate of the first term of (4.12) is provided by Proposition 3.8, namely
(I = Pes)ollm-siey S W llollen @-
To estimate the second term of (4.12), we deduce from (4.10) and (4.11) that
(I = T Tpvll sy S Wil Zivllme) S Bllollm)-

It remains to estimate the last term of (4.12); we use a duality argument. For

¢ € CL(Q), let w e H(Q) satisfy
Lw = ¢,
then, it follows from (4.10), Proposition 3.9 and (3.5) that

(Zj — Pr1)v, ) = A((Z}; — Pr—1)v,w) = A(v, (I, — I) Pr—qw)
< ol m@l(Ze = I) Perwll a0y S Rl Peorw]| sy 0]l o)

S Wllwllms@llvlm@) S RGN as-1 o llollm @)-

Consequently

T — Py,
[(Zg — Pe—1)vll -5y S sup ((Zi = Pi-1)v, 9)
PeCEe(Q) ||¢||Hﬁ—1(ﬂ)

< hpllvll i o)-

The proof is then complete. B
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4.4.2 Using the L? quasi-projection as a prolongation: d > 2

As we mentioned above we have difficulties in the analysis if we use the interpola-
tion as prolongation for higher dimensional problem since in this case (4.10) fails
to hold. In the following, we will use a new type prolongation operator which
theoretically works fine in any number of dimensions.

We will choose the discrete inner product (-, -); on My in such a way that
|(w, 0) = (w, )| S hellull v @llvlls,  Yu,v € M.

We will choose prolongation operator Z; to be L? quasi-projection Il as defined in
Section 3.10. In this case, the restriction turns out to be II;_; since by definition,

we have
(Hku, U)k = (u, Hk_lv)k_l Yu € Mk, v € Mk—l'

Lemma 4.7 For any u € My, we have

1+a
I =ZPullme < hllAe® ullk
S (el Apulle)* ull i)
Consequently,
1Z7ullar @) S llulla @)
Proof. Using 4.1, we have
A((I —Zf)u,v) = A(u, (I — ZpPy—1)v)
= (Apu, (P — ZpPy1)v)k
lta i—a
= 47 ullellA® (B — ZePeo1)vllk-
Applying Lemmas 3.7 and 3.6,

l—«
2

14,7 (P — i Po—1)v|lk < || (Pr = ZiPr—1)v|| - (o)
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< I = Poollin-eg + 1Tl = Pe)ollan-a@ + 1 = Tollin-o)

S hpllvlla @)

Combining the above two inequalities with v = (I — Z})u yields the desired result.

Lemma 4.8 For any u € My, we have
AT = TeZ)u,u) S (A Aulle) * Au, u)' 5.

Proof. By Lemma 3.6

A( = Zi)u,u) < (Apu, (I = Zi)u)e S ol Arullellull m o)

&
2

< (O Avulle) ® Afu, )3

and it follows from 3.44 in Lemma 3.6 and Lemma 4.7 that

AT = TPu,w) S T = ZE)ullar e llulla e

~Y

< (M Avale) ® Afu, )5

The desired result is obtained by adding up the above two estimates. B

4.5 An Estimate for a Nonconforming Element

Given a quasiuniform triangulation {7,k = 1,---,7}, as usual, let My be a
subspace of of H}(Q) consisting of piecewise continuous functions on 7. And
on the same triangulation 7, we will define a finite element space M, which
is a space of piecewise linear functions on 7, that assume the same value at

two adjacent elements at the midpoint of their common edge and vanish at the

midpoint of the edge on the boundary of Q. Since My, ¢ H}(£2), it is usually called
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nonconforming. This element was first proposed by Crouzeix and Raviart [37] for
second order elliptic equation, it can also be applied to the Stokes equation. The
estimate given in this section will be used to analyze a multigrid algorithm to solve
the described nonconforming finite element equation.

The main idea is to use Mj, as a “coarse space” of M, because of the following

trivial but important fact:

Mk C ./\;lk

Since the usual bilinear form A(-,-) is not defined on My, we define

Ap(u,v) = > Ar(u,v) Yu,v € M.
TETk

Define 7, : My, — M, by
0, if v € 00 N Ny;

|W}:| EyeJ\TZ u(y), ifz e N \ 09,

where N, is the set of midpoints of the edges with x as one of its endpoints.

The discrete L?—inner product on Mjy, is

(w,v)r = hi >_ u(x)v(z),

:CE./\_/k

where A}, = set of all midpoints of the edges in 7. and the discrete L?—inner

product on My, is defined by

(u,v) = hi Z u(z)v(z).

IENk

The main result of this section is as follows:

Lemma 4.9
H([ — 7Tk)UH2 5 hiAk(u,u), Yu € Mk;
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Proof. For a given z € N, \ 09, in the following, z; and z, will denote the

endpoints of the edge where z is located. We have

I = mull® < kg 30 (7= me)u(z)®

xGNk

= nY |u(x 7Tku>( 1) + (mew) (2)]]?

IGNk

< hi ) Z Ju(z) — (meu) ()|

a)GNk =1

S b Yo Y0 D lule) —uy)

It is straightforward to check that

> Jul@) —u@)lP < X > fu@) —u@@")

yeNz, TeTk7x€T =’ @ eNNT

Consequently

I =mul® < kg > >0 Ju@) —u@”)?

TETk ! @ ENpNT

< hiA(u,u).

This completes the proof. B



Chapter 5

Iterative Methods and
Preconditioning

This chapter is devoted to a summary of a few facts on some linear iterative
methods, preconditioners and the conjugate gradient method. Some linear iterative

methods such as Richardson’s and Gauss—Seidel or SOR method are often used as

smoothers in the multigrid algorithms, hence they are of fundamental importance
in the theory of multigrid methods. Preconditioned conjugate gradient methods
will play a dominant role in the whole theory of this work, hence a rather detailed
discussion is given for properties of preconditioners and the analysis of conjugate

gradient methods.

5.1 Linear Iterative Methods

Let A be a SPD operator on a finite dimensional space M with respect to an inner

product (-,-). We are interested in solving the following equation on M:
Au =b. (5.1)

To obtain a linear iterative method for solving (5.1), we take a nonsingular operator

S and rewrite (5.1) in the following equivalent form:

u = Ku+ Sb,

83
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where K = [ — SA.

A linear iterative scheme can then be given by
u'=Ku'"'+8b, (=1,2---. (5.2)

It is well-known that a necessary and sufficient condition that (5.2) converges

for all initial guess u° is that

p(K) <1, (5.3)

where p(K) is the spectral radius of K.

An obvious sufficient condition for (5.3) to be valid is that
|IK|| <0 <1,

and moreover

lu = '] < 0'ffu =]

Another less obvious but very important sufficient condition for (5.3) to be valid
is that is that I — K*K is a positive operator, where * is the operator adjoint
with respect to the inner product (A-,-). Notice that I — K*K is self-adjoint with

respect to (A-,-). But we will be interested in the following stronger condition:
| Au|)* < p(A)A((I — K*K)u,u) Yu € M. (5.4)

The above condition may not look very natural; it is a technical assumption re-
quired for the iterative method in order that it can be used as a smoother in a
multigrid process. We will verify it for the Richardson method (which is trivial)
and for the Gauss-Seidel method in the context of finite element equations.
Another variation of the Richardson iteration is the so—called damped Richard-
son method in which S = wA L T for w € (0,2). It is straightforward to verify

max

that (5.4) holds for this method.
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5.1.1 Richardson’s Method

This method may be the simplest of all which is defined by (5.2) by choosing

S=\11T

max—

where )\, = the maximum eigenvalue of A. It is easy to see, if A = A is the

finite element operator described in Chapter 2, then

)\min
1K = [IT = ApeeAll =1 — =1—chp=6<1.

max )\max

Therefore (5.3) is satisfied. The verification of (5.4) is trivial.
We see that 0 here is very close to 1 if h; is small. Hence this algorithm
converges very slowly. However this is not the whole story of the algorithm; it has

some very interesting properties which we will discuss now.

Assume 0 < Apin = A\ < Ay < -+ < A\, = Apax are the eigenvalues of A and

{¢1, bo,- -+, Pn} are the corresponding orthonormal eigenfunctions, then
A
(=, 6n) = (1= ) (u = u’, ).
For k =n,
(u - ul7 gbn) = Oa
for k=n—1,

(=t dua) = (1= 21 (= w6

n

which goes to zero rapidly as [ approaches infinity.

We observed that this simple iteration, although it converges very slowly glob-
ally, reduces the error very rapidly in the directions corresponding to the top eigen-
values, namely the high frequencies are damped quickly. This simple observation

is the key motivation upon which the multigrid has been developed.
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5.1.2 Gauss-Seidel Method

The Gauss—Seidel method, especially the related SOR method was one of the most
popular methods in solving linear algebraic system arising from the discretization
of partial differential equations, c.f. Young [89]. As a single algorithm itself, it is
probably not as competitive as the multigrid method in many applications, but it
still plays an important role in multigrid algorithms, and is often employed as a

smoother.

Algorithm

In the discussion of the Gauss-Seidel method, we will confine ourselves to the case

that A is the matrix in (5.1). Splitting the matrix in the form:
A=D-L-U

where D is the diagonal of A and —L and —U are the strictly lower and upper
triangular parts of A, respectively. the Gauss-Seidel method for the system (5.1)
can be obtained in (5.2) by choosing

S=(D-L)"

In this case, we have
K=I-(D-L)'A

and

K*=I1—-(D-U)"A
A direct manipulation shows that
I-K*K=(D-U)"'D(D-L)"A (5.5)

which immediately implies that [ — K*K is positive, thus p(K) < 1. This gives a
proof of a well-known fact that the Gauss-Seidel method converges for any positive

definite system (5.1).
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Application to Finite Element Equations

Assume A = AF is the stiffness matrix as described in Section 3.3 for quasiuniform

triangulations, namely
A= (A<Q;la ng))nxn
where n = n;, and {@;} is the scaled nodal basis. Notice that in this case p(A4) < 1,

hence the following result verifies (5.4).
Proposition 5.1
[Ag]” < (A€, (I — K*K)¢), Ve € R"
where (-,-) is the Euclidean inner product and | - | is the corresponding norm.
Proof. By (5.5), it suffices to show that
(D = L)g]* £ (D€,€), Ve eR™ (5:6)
It follows from the quasiuniformity that
(Dg,¢) < [¢], V& eR™

Hence (5.6) is equivalent to the following:

=1 j>i i=1
Notice that for any given 1

where S; = supp ¢;. But there are only a fixed number of S;’s such that S;N.S; # 0.

Hence, by Schwarz’ inequality,

i 1> A, 0)&

i=1 j>i
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n

Y10 AL X gl

i=1 S;NS;#0 S;NS;#0

A

n

< &

=1

This completes the proof. B

5.2 Some Facts about Preconditioners

In Section 3.13 of Chapter 3, for a SPD operator A on a finite dimensional vector
space M, we have defined the condition number of A to be the ratio of its maximum
eigenvalue to its minimum eigenvalue. This definition also extends to the product
of two SPD operators. Namely if B is another SPD operator on M, we then define
the condition number of BA by

Amax(BA)

k(BA) = 7)\min(BA>7

where Ay (BA) and Ay (BA) are the maximum and minimum eigenvalues of BA
respectively.

For a given SPD operator A on M, again we are interested in solving the
following equation on M:

Ax =b. (5.7)

It is well-known that the condition number £(A) is very crucial to many algorithms
for solving (5.7), a typical example is the conjugate gradient method we will discuss
in the next section. Namely the smaller is the condition number, the more efficient
is the given algorithm.

The central idea in the preconditioning method is somehow to reduce the con-
dition number of the system (5.7). The standard approach is to find another SPD

operator B on M so that the equivalent system

BAx = Bb
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is better conditioned, namely x(BA) is relatively smaller. The operator B in the
above is often called a preconditioner. Obviously a good preconditioner needs to

have the following two properties:
1. The action of B is easy to compute.
2. k(BA) is small.

How “easy” or how “small” is relative and depends on the background of the
underlying problem. We will discuss this issue in the concrete applications.
To estimate the condition number x(BA) often centers the theoretical analysis

of a preconditioning method. The following simple result is most fundamental.

Lemma 5.1 If yg and py are positive constants satisfying
po(Au,u) < (B u,u) < py(Au, u), Yu € M. (5.8)

Then

Proof. By changing variable u = A~2v in (5.8), we see that (5.8) is equivalent

to
o(ATZBTTATE) C (o, ). (5.9)
But
A 2B'A": = A3(BA) ‘A2
Hence
a((BA)™) C (po, )
Thus

o(BA) C (u1" 1),
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and consequently

-1
Kk(BA) < ZO‘I - Z;
1

Frequently, it is not convenient to verify the inequality of (5.8) that measures
the preconditioner. In the following we state some almost trivial but very impor-

tant equivalent conditions.

Theorem 5.1 Assume A, B are symmetric positive definite operators on a finite

dimensional space M. (5.8) is equivalent to either of the following:

po(Bu,u) < (A u,u) < py(Bu,u), Yu e M. (5.10)

py(Au,u) < (ABAu,u) < pgt(Au, u), Yu € M. (5.11)
Before ending this section, we include the following simple result

Proposition 5.2 Assume that A and B are SPD operators on M and o > 0 and

d € (0,1) are constants. Then the following are equivalent:
1. —o(Au,u) < (A(l — BA)u,u) < 6(Au,u), Yue M.

2. (1=0)(Au,u) < (B 'u,u) < (1 + 0)(Au,u), Yu € M.

The proof of above result is just a direct algebraic manipulation. If o € (0, 1),

the above result means that if I — BA is a contraction. This fact will be used in

the multigrid algorithms to be developed.

5.3 Conjugate Gradient Method

The conjugate gradient method is no doubt one of the most fundamental meth-

ods in modern approaches to solving linear algebraic systems. Many algorithms
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presented in this work are based on a variation of this method, namely the precon-
ditioned conjugate gradient method. Because of its extraordinary importance, we
will give a rather complete description of this method in this section. The material
here was mostly taken from the unpublished notes of Bramble on preconditioning

methods.

5.3.1 Definition and error analysis of the algorithm

Let A: M +— M be a SPD operator with respect to the inner product (-,-). We

need to solve the equation of the following type:
Au = f. (5.12)
Let n =dimM, it follows from the Cayly—Hamilton Theorem that
A = poa(4),
for some polynomial p,,_; of the degrre < n — 1. Thus
u=A"f =p.a(Af,

which means that
u eV,

where V, for k =1,2,---,n, is defined by

Vk = Span{fv Af7 T 7Ak71f}'

The conjugate gradient method can be viewed as the Galerkin projection of u onto

Vi defined by u; € Vj, such that
(Aup,v) = (f,v) V€ Vi (5.13)

From our earlier discussion, we see that

Uy = U
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This says that the algorithm is a direct method. But the most important property
of this algorithm is that it can also be regarded as an iterative scheme as we shall

see later.

An advantage of looking at the conjugate gradient method in the way described

above is that the analysis of the error reduction is very easy.

Theorem 5.2

(A(u — ug),u —uy) <4 (K(A)_l) (Au, u)
k(A)+1

where k(A) is the condition number of A.

Proof. It is routine to verify that
(Al —ug),u —ug) < (Alu—v),u—v) Yv € V.

Now for an arbitrary polynomial p_; of degree k — 1, taking v = pp_1(A)f =
Apr—1(A)u, we get

(A(u — ug),u —u) <min(A(L — Apr—1(A)) f, (I — Apr—1(A))u)

Prk—1

< min (Ag(A)u, gx(A)u)

ax(0)=1

< min max Au,u
< min o OV (Au, )

It is well-known that the solution of this min-max problem is in terms of the

Chebychev polynomials. We can then deduce that

k
min max lgr(N)] < 2 (K(A)_l)

ar(0)=1 \ex (4) K(A) + 1

The desired result then follows. R
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We notice that this estimate for the convergence rate of the conjugate gradient
method strongly depends on the condition number. When k(A) is too large, the
convergence could be very slow. PCG is just designed to reduce the magnitude of
the original condition number and hence improve the convergence rate. This will

be discussed later on.

5.3.2 Implementation of the algorithm

The definition of the CG method in (5.13) does not give us much idea how the
algorithm can be efficiently implemented and it is also not clear if it can be imple-
mented in an iterative fashion. A little bit more work is needed to find the right
(well-known) formulae. Now we are going to show that the computation of CG
solution can be reduced to a simple iterative procedure.

To begin with, set uy = 0,19 = f,r; = f — Au; and define for k =1,2,...,
Vit ={w € Vig1 : (Aw,v) =0, Vv eV}

1. If rp, = 0, then ui = u: we are done. Otherwise r; # 0, and then, because
(re,v) = (f — Aug,v) =0, Yo € V4, it follows that 7 € V.. Hence Vi- # 0

since 1 € Viy1,. Thus

Viri = Ve ® Vi~ (5.14)

2. Tt follows from (5.14) that for p, € Vi, pr # 0, the k + 1st CG solution can

be represented as

Upt1 = Uk + OpPg,

where ay = (rg, pr)/(Apk, pr) since by (5.14) it is straightforward to check
that

(Augy1,v) = (f,v), Vv € Vg,
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3. It remains to find some pp € Vi', pr # 0. To do this we take py = 7 and

assume that we have {py,...,pr_1}, clearly

(Apj,p) =0, ifj#L

Now since we have assumed that ry # 0, 7, € Vj. Hence, since r, = f—Auy €
Vis1, it has a nonzero component in Vi-. Therefore we can choose py to be
the A-orthogonal projection of 7, onto Vit. But {po,...,pr_1} clearly forms

a basis for Vi, and we get

= (Apjark)
Pe = Tk — — ],
e ;) (Apj. ;)™

But, since Ap; € V;, for j < k — 2,
(Apj,ri) = (Apj, f — Auy) =0, Vj<k—1.
Thus
(Apk’—lark)

Pk ="k — 75—~ DPk—1-
(Apk—1,Pk—1)

We summarize the above arguments and formulate the CG algorithm as follows:
CG Algorithm

1. ug arbitrary, po =19 = f — Aug.

2. Fork=0,1,...

Upt1 = Up + QP

Pk+1 = Tk+1—ﬁkpk

with
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o = (Tkvpk)
(Apkvpk)7
/Bk _ (Apkprk-',—l)

5.3.3 Preconditioned conjugate gradient method

Taking a preconditioner B as described before and applying to both hand side of

(5.12), we get an equivalent equation as follows:

Au=f (5.15)
where A = BA,f: Bf.

Evidently A is not symmetric any more with respect to the original inner prod-

uct, but it is indeed symmetric with respect to a new inner product (-, -) dof (A--)

since

~

(Au,v) 4 = (ABAu,v) = (u, Av) 4.

Therefore with the new inner product (-,-), we can formulate the conjugate gra-

dient method for (5.12) in the same way as we showed before.

It follows from Theorem 5.1 that x(A) = x(BA), hence the corresponding

convergence estimate is

(BA(u — ug), Alu —uy)) <2 —‘K(BA>_1 (BAu, Au)
\VE(BA) +1

Correspondingly we have the PCG algorithm as follows:

PCG Algorithm

1. ug arbitrary, po = ro = Bf — BAuy.
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2. Fork=0,1,...

Ugr1 = Uk + QpPr,

Dkl = The1 — BrDks
with

T = Bf — BAuk,

_ (Arg, pr)
Q. = o
(BApg, Apy,)
ﬁk o (BApkaArk-‘rl)

(BApy, Apy)

5.4 A Remark

We would like to point out that the preconditioner B we defined above for A in
this section is the one whose spectrum is “close” to that of A=, not of A itself.
As we can see from the expressions in PCG algorithm, we only need to compute

the action of B (also of A of course) and we do not have to have any information

of B~! at all.

In some applications the action of B and B~! are both relatively easy to com-
pute. In such case, the new inner product(we used (A-,-)) may be alternatively
taken to be (B~!- ). But we are not interested in such treatment because of the

features of the multigrid methods which we shall consider throughout this thesis.



Chapter 6

Some Technical Lemmas

As we discussed in the introductory chapter, some part of the convergence proof
for a multigrid algorithm is in the nature of pure algebraic manipulations. Hav-
ing observed that many such algebraic arguments are quite similar, we abstractly
summarize them into a technical lemma, namely Lemma 6.1 below in Section 6.1.
The second section of this chapter is devoted to setting up machinery that can
be utilized to analyze some multigrid algorithms without using elliptic regularity

assumptions.

6.1 Multigrid Lemma

Our first technical lemma, originated from Bramble and Pasciak [21], represents
some sort of common algebraic manipulations in the multigrid literature, which
will be exploited in estimating the convergence rate of multigrid algorithms in
Chapter 7 and Chapter 9. Since it is the main technical tool for analyzing the

convergence of a multigrid algorithm, we call it the Multigrid Lemma.

Lemma 6.1 Assume M is a finite dimensional vector space with an inner product
(,). K € LM, M) is a self adjoint operator such that o(K) C [0,1] and § €

(0,1] amd C > 0 are given constants. Then we have following conclusions:

1. There exist constants M, ey > 0 depending on C' and [ such that for e € [0, €],

97
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the following estimate holds

C(1—6)((I — K)K™u, K™u)?(K™u, K™u)' ™"
+(1 + )0 (K™ u, K™u) < 6(u, ) Yu e M (6.1)

with
1
0= ——7F7——. 6.2
(1+m/M)8 (62)
2. Given constants v, > v > 1, there exist constants M, ey > 0 depending on

C,B,v and v1 such that for any € € [0,¢] and v € [y, M), the following

estimate holds

C(1—60)((I — K)K™u, Kmu)ﬁ([(mu, Kmu)1*5

+(1 + €)do(K™u, K™u) < 6(u,u) Yu e M (6.3)
with
A — (6.4)
" (m)P M '
1
0= P (6.5)

3. There exist constants M, eq > 0 depending on C, 3 such that for any integer
k> 1 and e € [0, €], (6.3) holds with

kE— 1)1 M
do = ( ) : (6.6)
mB + (k — 1)1 M
KY/B-10
= : (6.7)
mpB + kBN

In the later applications of this lemma, Cases 1, 2 and 3 correspond to the W-cycle,

variable V-cycle and V-cycle respectively. The results with e = 0 will be used in
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the next chapter for SPD problems, whereas the results with e—perturbation will

be used in Chapter 9 for nonsymmetric or indefinite problems.

Proof. The proof given here is a modification of proofs of Theorem 1, Theorem
3 and Theorem 5 in [21] where € does not appear (namely ¢ = 0.) Since the
modification is quite similar in each of the three cases in the lemma, it seems more
than enough to present proofs only for the first two cases; hence the proof for case

3 is omitted.

To begin with, we apply the generalized arithmetic-geometric mean inequality

and get for any positive n that

(I — K)K™u, K™u)? (K™u, K™u)'"~"

< Bn((I = K)K™u, K™u) + (1 — 8)n#/ =8 (K™, K™u). (6.8)

Since K is self-adjoint and its spectrum is contained in [0, 1] by hypothesis,

(I — K)K™u, K™u) < ;@221((1—K)Kiu,u)
_ ! I— K" 6.9
= 5 (= K*™)uu). (6.9)

For simplicity, denote the left hand side of (6.1) by LFH, then combining (6.8)
with (6.9), we get

LFH < [(1—8)C1 =B + (1 + )62 (K*™u, u)

g
2
+ (1—5)(]2

Py
m

(1 = K*™)u, u)

holds for any positive . We define i by the equation

(1— 52)02767177 = 4. (6.10)
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It then suffices to show that for n defined by (6.10),

(1—6,)C(1 — B)nT7 + €62 < 6 — 02, (6.11)

Solving for 1 and using this result in (6.11) implies that it is sufficient to choose

M and €y so that
Cy(1 — 52)1/(1—6)m—ﬂ/(1—ﬂ) + €52-8)/(1=B)

<(1- 5)51/(1—@.

It is elementary to see that

. 1(1-8)
9-1/(1-B) < (1 — §)~P/1-0) (m)ﬁ/(l m( 6 5)
= M 1T

for ¢ given by (6.2). Define M by

MOIC=Bg=2/C=B) _ 90,

Then
1
Cs(1 — 52)1/(1,ﬂ)m,ﬁ/(1,5) < 5(1 — 5)51/(175)_
Choosing
1-9§

€= o5

implies
c52-5)/01-0) ;(1 _ §)5Ma=0).

This completes the proof of conclusion 1.

Next we show (6.3). Following the argument given above, we see that it suffices
to show that
(1 —60)C(1 — B)y~ =2 g6y < 6 — 6, (6.12)
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holds with dy and § defined by (6.4) and (6.5), where 7 is defined by

A direct computation using (6.4) and (6.5) shows that (6.3) is equivalent to

CayPI =B N=B/0=8) 4 g

MmP
< —(¥P=1).
Note that if M > 1 then

B

= (~P _ < 7

(77 =1).
Hence it suffices to have
CsM PP 4 eM < Cy
where C5 = Cgvlﬂ/@_m. Thus taking M > 1, large enough so that
Cs M/ < 0,/

and

e<e¢ < C'41/77(2M)_1

completes the proof of the theorem. B

6.2 A Trick for Analyzing the Two Level Scheme

What is to be presented next is a technique that can be applied to study the
two-level convergence behavior of multigrid algorithms when the elliptic regularity
assumption is not easy to verify. Applications can be found in Chapter 8 for

interface problems, nonuniform grids and nonconforming elements.
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Assume we are given two finite dimensional spaces
M1 C M,

and a SPD bilinear form A(-,-) defined on Mj. Each M, is equipped with an
inner product (-,-); with l = k—1,k. Py_q : My — Mj_; is the standard Galerkin

projection satisfying

A(Py_qu,v) = A(u,v), Yu € My,v e M_;.
For | = k — 1, k, the operator A; : M; — M, is defined by

(Aju,v), = A(u,v), Yu,v € M,.

We make the following principal assumption:
(A6.1) inf _pq  [v-— xll® < CiNT Ao v) Yo e My,
where A\ = p(Ay) and C is a positive constant.
Lemma 6.2 ! Assume Ky : My — My is a SPD operator satisfying

CollAvli® < MA(I — Kp)v,v), Yo € M. (6.14)
Then, under the assumption (A6.1), we have

A((I — P KMu, KJ'u) < (1 - @)A(KF™ tu,u)

<(1- g—?)A(u,u), Yu € My,
Proof. By the definition of P4, for any v € My and x € My_1, we have
A((I = Py_y)v,v) = A((I — Pey)v, I — Pe_q)v —X)
= (A = Poa)v, (I = Pe1)v — Xk

< A = Pe)vllell (I = Pez1)v — x|l

I Before this thesis was about to be filed, Mandel pointed out to the author that results similar
to this lemma were contained in some earlier literature, c.f. Mandel [63], Hackbusch [48], Brandt

[31], Kocava and Mandel [56].
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Applying (A6.1) yields
A((I = Pay)v,v) < Cole [ AR(I = Pyl
Using the hypothesis for K, we get that

A(Kk(] — Pk_l)v, (I — Pk_l)l))
S A(([ — Pk_l)v,v) — Co)\k_IHAk(] — Pk—l)UHk2

(1-— g?)A((] — Py_1)v,v).

IN

Using Schwarz inequality and the above estimate with v = K}'u, we deduce that

A((I = Py KJ'u, K'u)?

< AKLI — Py ) K u, K u) A(KE™ u, )

< (1= A = Py K, KMu) A(KE™ ).

The desired result then follows. B

An interesting fact that can be reduced from the above result is that the con-

stants Cy and C appearing in (A5.1) and (6.14) must obey the following relation:
Co < (.

Before we present our last result in this chapter, we introduce the following
notation:
def A(EU, U)
121, % sup St
UGMZ v,v

if £: My — M, is a nonnegative self adjoint operator.

As a consequence of Lemma 6.2, we have
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Lemma 6.3 Assume E; : M;— My, forl =k — 1,k are nonnegative self adjoint

operators that are related by
Ey=K"(I— P11+ E}_P.1)K}",
where p > 1 is an integer. Then, under the assumptions of Lemma 6.2
IExl4 < (1= Ex— s+,

wheren =1 — Z2. Hence k1l 4 < 1 emplies that ||Eg|l 4 < 1.
heren=1— ¢ H Ei_1|l, < 1 implies that || Ey|l, < 1

Proof. Denote 6,1 = || Ex_1] 4. It is routine to see that
A(Bru,u) < (1 =07 )A((I = Pe—1) K{'u, KJ'u) + 08 A(K u, K'u)
< (L= 0Fy)n + o) AR u,u)
< (L =may + AL u, u)
< (U =md_y +n)A(u, u).



Chapter 7

An Abstract Multigrid Theory for
SPD Problems

The aim of this chapter is to establish a more general framework of the multigrid
method for symmetric positive definite problems. Applications can be found in the
next chapter for finite element discretizations for partial differential equations. In
particular, a theory for curved boundary domain problems is established by means
of the general framework in this chapter.

The outline of this chapter is as follows. In Section 7.1, we set up an abstract
framework in which a symmetric multigrid algorithm is given. Based on various
assumptions that are described in Section 7.2, a number of convergence theorems
are proven in Section 7.3. Section 7.4 is concerned with a kind of algebraic multigrid

algorithm.

7.1 Framework and Algorithm

Assume we are given a Hilbert space H and a hierarchy of real finite dimensional

subspaces of H

Ml,./\/lz, . ,Mj
which are related by the so-called prolongation operators Z; : Mj_1 — Mj.

105
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In addition, let Ag(-,-) and (-, ) be symmetric positive definite bilinear forms
on My . We shall develop multigrid algorithms for the solution of the following
problem: Given f € M;, find u € M; satisfying

Aj(u, @) = (f,90); Vo €M,

To define the multigrid algorithms, we need to define some auxiliary operators.

For k. =1,...,7, the operator A : M, — M, is defined by
(Akw, (b)k = Ak(w, Q§) Vw, (b € Mk

Clearly the operator Ay is symmetric positive definite (in both the Ag(-,-) and
(+, )k inner products). In terms of the prolongation operator Z, we have operators
I} : My — My and I} : My — M, defined by
by
(Ziw, d)k—1 = (W, L), Yw € My, ¢ € My_;1. (7.1)

and

Ak._l(I,jw, gb) = Ak(w,Ikgb) Yw € Mk, Qb € Mk:—1~ (72)

In other words, Z}, and Z; are the adjoints of Z; with the inner products (-, )
and Ag(-,-) respectively. It is straightforward to check that

I = A T Ay (7.3)

T} is often called restriction operator, which is another main ingredient of
any multigrid algorithm. Z;, which is related the Galerkin projection in some
applications, will only be used in the analysis.

Another important component of the multigrid algorithm is called smoothing,
which will be represented by a sequence of linear operators Sy : M; — M, for
1 < k < j to define the smoothing process. These operators may be symmetric

or nonsymmetric with respect to the inner product (-,-)g. If Sy is not symmetric,
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then we denote by S} its adjoint and set

S, if [ is odd;
SY =
Stoif [ is even.
With the framework and notation given above, we are now in a position to
define our multigrid algorithm, which will be characterized in terms of a sequence
of recursively defined operators By : My +— M. In the following, p, m; are given

positive integers and A is either equal to p(Ay) or an upper bound of p(Ay) such

that /\k = p(Ak)

Algorithm S

Step 1 B, = A"

Step 2 Assume By_ is defined. Then By, is defined, for g € My(Arw = g), as

follows:
1. Pre-smoothing on M:

0
l

=1,

SHRS
I

-1 +S,Ef+m’“)(g . Akwlfl)
s ) ’mk'

o~
RS =)

2. Correction on My_y: w™ ™t = w™ 4 T,.qP where ¢° € My_; is defined

as follows

q

¢ = (I = Bp—1Ak—1)q"" + Br1Zj(g — Apw™)
[ 2

3. Post-smoothing on My:

wh = w4 S]il+mk+1)(g — Ayw'1)
l=mi+2,---,2m; + 1.
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2mk+1

Define: Big = w

Remark  Ordinary multigrid algorithms can be more general than what we have
given above. For example, In Step 1, B; may be defined by an iterative method
which solves the equation approximately on M;. Another generalization is that the
number of pre- and post-smoothings are not necessarily the same. Nevertheless we
are not going to consider these more general cases in this dissertation. However in
some circumstances it seems crucial to our theory that the number of pre- and post
smoothings should be the same, which will guarantee that the multigrid operators
By, are also symmetric(see Lemma 7.2). This is reasonable and important from
many viewpoints. The most natural reason would be because the original problems

are symmetric themselves.

A great advantage in setting out the algorithm by means of the operators
By is that we have a very simple recurrence relation for the “residue”operator

E def p B Ay as given in the following lemma.

Lemma 7.1 Let E), =1 — B, A, and K, = 1 — S}, Ay,. Then
By = (K™) (I = TI) + TEY T K. (7.4)
Furthermore, for any u,v € My
Ap(Eyu,v) = Ap((I — TpZi)a, 0) + Ax—1 (Ep_Zia, Z;0), (7.5)

where u = K;"™u and

‘ 3

e _ ) (KKy) = K, if m is odd:
g (KpKy)2, if m is even.

wf3

The verification of the above lemma is straightforward by the definition of the
algorithm. The next thing we want to address is that the Algorithm S defines a

symmetric operator. More specifically, we have
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Lemma 7.2 By is symmetric with respect to (-, )gand Ey is symmetric with re-

spect to Ax(-,-).

Proof. The symmetry of Ej, follows readily from (7.5) by induction since F; = 0.
The symmetry of By with respect to (-,-)x is evidently implied by the symmetry

of Ej with respect to Ag(-,-). B

We observe that in the algorithm stated above, p and my are free parameters.
With different parameters, we will take account of the three types of the algorithms

named in the following:

Definition 7.1 The Algorithm S is known as the
1. V-eycleifp=1andmpy=m>1 fork=1,---,7,
2. W-eycleif p=2and mpy=m>1 fork=1,---,7,
3. Variable V-cycle if p =1 and yomp < mp_1 < yymy, for k= 1,---,7, where

Yo and 7y, are constants greater than 1.

7.2 Assumptions

Our convergence theory will be built upon a number of assumptions described
below. As will be shown in the next section, different set of assumptions will
lead to different convergence results. All these assumptions will be verified in the
context of the finite element methods in the next chapter.

The first assumption, which we have mentioned in Chapter 5( see (5.4)), is on

the smoothing operator S:

where Kk =1- SkAk
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This condition implicitly means that the smoothing process converges at least
as fast as some damped Richardson’s method. As a matter of fact, it is equivalent

to the following assumption which was used by McCormick in [69] and [70]:

Ak(Kku, Kku) S Ak(Kkjwu, kau), Yu € Mk

for some w € (0,2) independent of k, where Ky, = I — w)\,glAk.

In the finite element applications, (A7.0) is easily satisfied if for example, the
Richardson or Gauss-Seidel method is used. This was discussed in Chapter 5. We
note also that this assumption only involves a single level, hence its verification is
relatively easy.

A direct consequence of (A7.0) is
(A7.0)) p(Ky) <1,

where p(-) denotes the spectral radius. This assumption will be used in place of
(A7.0) to get some more general (but weaker) results.
The second assumption, usually called “regularity and approximation assump-

tion”, is that there exist a constant 5 € (0, 1] and a constant C such that
(AT.1) AL = T ), v)| < Cr( | Agols?)P Ap(v,0)1 =0 Yo € M.

This is the most crucial assumption in our multigrid theory. It relates the
bilinear forms, different levels of spaces and prolongation operators. In the case of
elliptic boundary value problems, its verification is strongly tied to the regularity
property of the underlying partial differential equation.

It is not hard to see that (A7.1) implies that

Ak(IkU,IkU) S élAk_l(U, U), Yv € Mkz—l' (76)

The inequality of this type is also useful in the multigrid theory. With the as-
sumptions (A7.0) and (A7.1), we will show that the variable V—cycle multigrid
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algorithm would provide an optimal preconditioner even though it is in general not
convergent in the usual sense. In order to get the strongest result, namely that the
algorithm actually gives a uniform contraction in each iteration, it is sufficient to

assume a stronger version of (7.6):
(A72) Ak(IkU,IkU) < Ak_l(v,v) Yv € My_q.

This assumption guarantees that Ej be nonnegative (c.f. Lemma 7.4). Together
with (A7.0) and (A7.1), as we mentioned before, optimal multigrid convergence
results may be obtained. But on the other hand, even without assuming (A7.0)
and (A7.1), this assumption together with (A7.0") is enough to guarantee the
convergence of the algorithm if the convergence rate is not a concern.

We will also develop a theory when (A'7.2) is replaced by the following weaker

assumption: For some v € (0, 1],
(A72/) Ak(IkU,IkU) S (1 + Cz)\k_’y)Ak_l(U, ’U), Yo € Mk:—l-

It is possible to scale the forms Ag(:,-) so that (A7.2) always holds. But
generally this scaling may violate (A7.1). However it is not hard to see, when
(A7.2') is satisfied, a proper scaling of A(-,-) will give rise to (A7.1) while (A7.2)
is still valid. In applications, (A7.1) is usually the most difficult assumption to be

verified.

Observing that Z; is the adjoint of Zj, we have the following
Lemma 7.3 (A7.2) and (A7.2') are equivalent respectively to the following:
(a.2)  Ap 1 (Ziu, Tiu) < Ap(u,u)  Yu € My,
(a.2)  Ax1(Ziu, Ziu) < (1+ Cog ) Ag(u,u) Yu € My,

We have observed the symmetry of By and Ej in Lemma 7.2. The following

lemma is about their positivity property.
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Lemma 7.4 The multigrid operator By, is positive for the V-cycle or variable V-
cycle if the assumption (A7.0') holds. The residue operator Ey is nonnegative if
the assumption (A7.2) hold.

Proof. (A7.0') implies that I — K} is positive. The positivity of By, then follows

by using an induction argument with the following identity from (7.5):
(BkAku, Aku)k = Ak«] — K]an)u, u) + (Bk_lAk_lefA(/Z%u, Ak_lfgfgku)k_l.
It follows from Lemma 7.3 that
A((I — T Peq)u,u) = Ag(u,u) — Ap—1(Ziu, Ziu) > 0

Therefore applying induction to (7.5) shows that Fj is nonnegative, completing

the proof. ®

7.3 Convergence Analysis

In this section, we give an analysis of the multigrid algorithm described in the
previous section. The first goal of this section is to prove that an inequality of the
form
—0pA(v,v) < Ap(Epv,v) < 0pA(v,v), Yo € My (7.7)

holds with positive constants 6 < 1 and o for k =1,---, 7.

If o < 1, then (7.7) gives the standard contraction property of the multigrid
algorithm, namely

I Ekllx < max(ow, 6x) <1,

where

A(E
AR def | ax M
vGMk A(”a U)

As we mentioned in Chapter 5 (c.f. Proposition 5.2), (7.7) is equivalent to the

following;:

(1 — (5k)Ak(U, U) S Ak<BkAkU, U) S (1 + O'k)Ak(U,U), Yv € Mk (78)
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This implies that B; is a preconditioner of A; with the condition number

—_

+0'j

K(B;A)) <

—_
g

Hence if we apply multigrid algorithms with the PCG method described in

Chapter 5, we only need that §; stays away from 1 and o, is bounded above.

Our first result is to give an estimate on J; in (7.7).

Lemma 7.5 Under the assumptions (A7.0) and (A7.1), there exists a constant
M > 0, depending on Cy,Cy and 3 but independent of k, such that

Ak(Eku,u) < 5kAk(U, u), Yu € M, (79)
where, for V-cycle
KHAIM
O = B AT (7.10)
for variable V-cycle
M
o = , 7.11
‘ mf + M ( )
and for W—cycle
MB
op = ———. 7.12
" (m+ M) (7.12)

Proof. We shall use induction argument. It is trivial for k£ = 1. Assume (7.9)

holds for k£ — 1, then it follows from (7.5) that

< A((I = ZeZi)u, u) + op—1Ax—1(Ziu, Ziu)

= (1= 6 ) AR((I — Ty T2)i, ) + 61 Ay (i, 1)
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where u = f(/,gm’“)u.

Applying (A7.0) yields

| Ayl

k

where

B KK} it lis odd;
Ky, =
K; K iflis even.

Combining the above estimates with (A7.1), we get

Ak(Eku> U)
< C(1 =8 DA — K) K™ u,u)’ Ap (K u, u) =

+ O ARK ).

At this point, we recognize that the above inequality takes the form of the
assumption of our first technical lemma in Chapter 6, hence the desired results are
then deduced by applying Lemma 6.1. B

The above lemma only supplies the estimate for 5 in (7.7). In order to get the
estimate of oy, we need some additional assumptions. For example, (7.7) follows
directly with o4 = 0 if (A7.2) is valid, which will be stated separately later. The

following lemma is preliminary to getting the final result in some other cases.

Lemma 7.6 (Variable V—cycle) Assume that (A7.1) holds. Then for the vari-
able V-cycle of Algorithm S , we have

—A(I = T K™, K™ ) < npA(u, w) (7.13)

where

e < my’
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or

Y

Nk 5 mln()‘l; 7ml:7>7

if (A7.2') also holds. As a consequence
—Ap(Eru,u) < (1 — 1) Ag(u,u), Yu € My,
where 75, = [1F, (1 +n;).

Proof. Using the same argument as in (6.9), we deduce that

T-(m T-(m m m 1
Ao T ARK ™0, K™ u) < Ag(T = K) K™, K™ ) < — Ag(u, u).

My
Combining (7.15) with (A7.1), we get

AT =TI K™, K™y S0 (O Awal]R”)? Ag (u, u) =2

~Y

< my” Ag(u, ).

~

Now if (A7.2") holds, it then follows from Lemma 7.3 that
AT = LT K™ u, K™ )

= A (T K™ 0, T K™ w) — A(K™u, K™

< O\ T ARK ™, K™ w).
On the one hand

)\k_WAk(lA(/,gm’“)u, }A(/,gm’“)u) < M TAg(u, ),
and on the other hand, by (7.15)
AT A (K, K™)

(e AR (™, K™ ) A, w)

IA

AN

my, " Ay (u, u).

(7.14)

(7.15)
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Combining the above two inequalities proves (7.13).

Now we turn to the proof of (7.14). Again we prove it by induction. For k =1
there is nothing to prove. Assume (7.14) holds for & — 1. Then by (7.4), the
induction hypothesis and (7.13),

—Ak(Eku, u)
= (I = T K™, K™ ) — Ay (B T K™, T K™ )

e Ak (U, u) + o1 Ag— 1(IkK(mk)u _’Z'kK(mk)u)

IN

< [+ opo1 (14 me) A (u, v) = op Ag(u, u).

This completes the proof. B

7.3.1 Estimates when (A7.0), (A7.1) and (A7.2) hold

If all these assumptions are satisfied, the strongest results can be attained. As a

direct consequence of Lemma 7.5 and Lemma 7.4, we have

Theorem 7.1 Assume that (A7.0), (A7.1) and (A7.2) hold. Then (7.7) holds
with

O — 0
and with . given by (7.10), (7.11) and (7.12) for V-cycle, variable V-cycle and

W —cycle respectively.

In the later applications to finite elements, these types of results hold for nested
multigrid algorithms, see Section 8.2. Also certain types of nonnested algorithms

(for curved boundary domain), see Section 8.3.

7.3.2 Estimates when (A7.0), (A7.1) and (A7.2") hold

We have pointed out before that the assumption (A7.2) is not always satisfied in

applications, hence we want to establish some theory that is not contingent upon
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it. Our first step toward relaxing this assumption is to replace it by (A7.2"). We

will only gives results for V—cycle and variable V—cycle.

Theorem 7.2 (Variable V—cycle) Assume that (A7.0) and (A7.1) and (A7.2')
hold. Then for the variable V-cycle of Algorithm S | (7.7) holds with

k
Cy M
o =111 +2) -1, =t —
= 105 i+ M

Proof. Apply Lemma 7.5 and Lemma 7.6. B

Corollary 7.1 In addition to the assumptions in Theorem 7.2, we assume that

there exists a constant p > 1 such that

X >N, i< (7.16)
Then, if \; is sufficiently large that )\;-Y > ngi“f, we have
2Cou" 1
%S N
HE= LA
Consequently
202/[7 1 M

I1E5]l; < max( ) <L

m—lﬁ’mf—l—M

Proof. By hypothesis

J C I C
(1+ 73) <exp(d 73)
=1 7 i=1 "'
I Cy . Cou? 1
M2 —(i—i)y i L
<erl3 =)
Y

- py—1A]
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The desired result then follows by Theorem 7.2. B

In the application to finite element methods, \; < h™2 with h being the finest
mesh size, hence the above theorem asserts that the variable V-cycle converges if
the finest mesh size is small enough.

Another more robust approach is to scale the bilinear form Ay so that (A7.2)
is satisfied without violating (A7.1).

We will replace A, by the following

A (TT+ ) ) e (7.17)

i=1
Then, for v € My_1, by (A7.2/)
A(Ziv, Tpv)

Il

1=

(
<Z
(I

(1 + Cg)\ ) > Ak(IkU,IkU).

—_

E?r

(14 CoN 7)™ 1) (14 CoX )t A1 (v, v).

Il
—

k

(14 CoN\, 7)™ 1) Ag—1(v,v).

)
—

7

= Ak—l(vv U)'

This means that (A7.2) holds with Ay in place of A. It is also straightforward
to see that (A7.1) holds with min(f,~) in place of 3. Consequently, we deduce
the following

Theorem 7.3 Under the assumption (A7.0), (A7.1) and (A7.2'), if the Algo-

rithm S is modified by replacing Ax by Ay as given in (7.17), then the results in
Theorem 7.2 hold with min([3,~) in place of (3.



- 119 -

Before ending this subsection, we present a result for the V—cycle that shows

that the algorithm gives a preconditioner whose condition number slightly grows

with 7.

Theorem 7.4 (V—cycle) Assume that (A7.0), (A7.1) and (A7.2") hold and in
addition (7.16) holds. Then, for the V-cycle of Algorithm S, (7.8) holds with oy
given by (7.10) and oy being uniformly bounded with respec to k. Consequently,

k(BjA;) <1 +j%71m_5.
Proof. It follows from Lemma 7.3 that
—A(I = TT) K™, K™a)
= A (K™, T K ™) — Ap(K ™, K™ )
< O TV A(KY u, K )
< Colg T Ak (u,u).
Hence, similar to (7.14), we conclude that

A(BrAgv,v) < (1 + oy) Ax(v,v)

with

k 00

=1

Together with Lemma 7.5, the proof is then completed. B

7.3.3 Estimates without (A7.2) or (A7.2"): sufficiently many

smoothings

A natural question to ask is that what we can say if neither (A7.2) nor (A7.2")

is satisfied. In general the multigrid process is not convergent without any further
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assumptions. A rather simple idea is to come back to an assumption that was
always required in the earlier literature of multigrid theory, namely that the number
of smoothing is sufficiently large. As a matter of fact, this is indeed enough to
guarantee the convergence and we will present results for the variable V-cycle
and W-—cycle respectively. However it is practically troublesome to need sufficient
many smoothings since it is unknown in advance how many are really enough.
Fortunately, there is a more sophisticated approach to get around this problem

and we will talk about it in the forthcoming subsection.

Theorem 7.5 (Variable V-cycle) Assume only that (A7.0) and (A7.1) hold.
Then for the variable V-cycle of Algorithm S | there exists a constant M such
that (7.7) holds with

O = <1 (7.18)

ifmj >M2/ﬁ

Proof. It is again trivial for K = 1. Assume the theorem for k£ — 1, it then follows

from (7.5) that
|Ax(Eru,w)| < [A((T — TeZy)u, u))|
+ G A (T3, T3 0).
But
Ao (T, T00) = AnTeZia, )
Hence

[Ak(Eru,w)| < (14 66-1)|Ak((I — T Zy)u, u)|

+ 5k—1Ak (ﬂa 6)
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Using (A7.1) and the estimate like (6.9), we can deduce that

o C
|Ax((I — ZpZi)u, u)| < gAk(u, u).
my;
Consequently
1+ 6p-1)C
|Ap(Byu, u)| < ((’;1) + 5k_1) Ap(u, ). (7.19)
my;
Hence if we choose M so large that
206y
0
then
1+ 6;p-1)C
% 6 < O

E
This completes the proof. B

Theorem 7.6 (W—cycle) Assume only that (A7.0) and (A7.1) hold. Then for
the W—cycle of Algorithm S | (7.7) holds with 6, = 0 < 1 independent of k if m
1s sufficiently large.

Proof. Analogous to (7.19), we have

1+ 42
|Ap(Eru, u)| < (HB)C + 52> Ap(u, ). (7.20)
m2
Thus if
1
< —
0 < 5
and m is sufficiently large that
2
(1 —l—i)C < é’
mz 2

then the desired result then follows. B
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7.3.4 Estimates without (A7.2) or (A7.2'): one smoothing
and optimal preconditioners
The above two theorems did not say how large m should be in order to guarantee

the convergence, hence they are not very useful in practice. But we are going to

show that the variable V-cycle will provide an optimal preconditioner.

Theorem 7.7 (Variable V—cycle) Under assumptions (A7.0) and (A7.1), for
variable V-cycle, there exists a constant M > 0, independent of k, such that (7.8)
holds with

M M
op=—75, Or= —3
M +m); my,
Consequently
(M +m”)

Proof. The estimate for d; is given by Lemma 7.5. The estimate for o follows
from Lemma 7.6 since
k C M
n—1<J[(0+ =) -1<—,
i=1 my

my

if M is sufficiently large. B

7.3.5 Convergence with only (A7.0') and (A7.2)

Theoretically it would be interesting to know under what conditions that the Al-
gorithm S converges at all without concerning the actual convergence rate. One
set of sufficient condition we found are (A7.0") and (A7.2) which are very weak

assumptions as we shall see in the next section.

Theorem 7.8 Under the assumption (A7.0') and (A7.2), the Algorithm S is

always convergent, namely (7.7) holds with o, = 0 and some 0y € (0,1).
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Proof. By Lemma 7.4, we know that we can take o, = 0 in 7.7. On the other
hand, (A7.0’) implies that I — K} K}, is positive, but My is finite dimensional,
hence (A7.0) always holds if we allow Cy = Cy(k) depending on k. Similarly
(A7.1) also holds with C; = C(k). Therefore (A7.0) and (A7.1) both hold in this
generalized sense. As a result, (7.10)-(7.12) all hold but with M depending on £,

which implies J, < 1, as desired. B

7.4 A Convergent AMG Scheme with almost no

Assumptions

In the multigrid literature, there are many papers concerning with the so-called
algebraic multigrid (AMG) methods. This kind of method is developed to solve
matrix equations using the principles of usual multigrid methods but without any

background of continuous problems.

The theory of the AMG does not appear to be very satisfactory and there is no
convergence theory for a reasonable class of matrices. Some AMG method may be
best understood in the context of the symmetric M-matrices, but only two level

convergence theory is rigorously established. c.f. Ruge and Stiiben [79].

It is definitely very difficult to expect a general multilevel AMG method to
converge uniformly. However we discovered that it is possible to design a general
AMG method that always converges for any SPD problems. The convergence rate
depends on the features of the underlined problems but should be at least as good
as Richardson’s iteration.

We still use the framework given in Section 7.1. As we mentioned earlier, the

bilinear form Ay’s can be properly scaled so that (A7.2) is satisfied. More precisely

j—1

i=k
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where
Ai(IiU,IiU)
8> sup ——————
UEMZ-,1 Ai—l(“?“)

It staight forward to check that the newly defined A,’s satisfy the assumption
(A7.2).

If we use Richardson’s method as a smoother, namely S, = )\,;1[ with Ag
being the largest eigenvalue of the scaled Ay (or an upper bound), then (A7.0) or
(A7.0") hold trivially, consequently, Theorem 7.8 is true, namely the corresponding
multilevel Algorithm S is always convergent.

In practice, if we are only given the algebraic system on the space M:

Ax =b.

Naturally we can take M; ' M and Aj = A, but we need to choose Mj, and A

for k < j. Suppose the multilevel spaces My, for k < j are somehow defined along
with some prolongation operators Z,. There is a rather natural way to define Ay

for k < j as follows

Apo1(u,v) € A (Tpu, Tv),  Vu,v € My,

namely all Ay are inherited from A via the prolongations Z. In this way, (A7.2) is
automatically satisfied. Our theory then shows that the corresponding multilevel
Algorithm S always converges if the Richardson’s method is used as a smoother.

However, the point of a multilevel algorithm is not only its convergence but,
more importantly, that it converges fast enough so that the overall computing com-
plexity is acceptable. From this point of view, the above general AMG method
may not be of great practical significance. Nevertheless theoretically it indicates
the robustness of the algorithm. On the other hand, it suggests that multigrid al-
gorithms should find their applications to many more problems of wider range. As

is demonstrated by the different kinds of convergence results in Section 7.2, gener-
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ally speaking, the more multilevel structure is available, the better the algorithm

can be constructed.

7.5 Comments

Abstract frameworks for multigrid algorithms for SPD problems have been pro-
posed by many other authors. Especially for the theories that do not require the
solution spaces to be nested, we refer to Douglas [40] and Mandel, McCormick and
Bank [66]. One of the major improvements of our theory is relevant to (A7.2). In

[40], the so—called energy norm consistency hypothesis was made as follows
Ak(IkU,IkU) = OlAk_l(’U,U), Yv € Mk—l (721)

for a constant independent of k; convergence results were proved provided that the
number of smoothing is sufficiently large (comparing Theorem 7.5). In [66], the

main hypothesis is exactly (7.21) with C; = 1, namely
Ak(IkU,IkU) = Ak_l(v,v), Yo e Mj_1. (722)

But stronger convergence results were established for any number of smoothings.

However no applications were found for trully nonnested meshes in any of the
work mentioned above. In studying the multigrid algorithms for curved-boundary-
domain problems, we found that (7.21) is impossible to be satisfied without vio-
lating the more crucial assumption (A7.1). In contrast, our theory with (A7.2)
or even without it resolves this problem.

It seems to be a new feature that a multigrid algorithm will provide a good
preconditioner even though it may not converge in the usual sense. On the other

hand one can always obtain a contraction by scaling the preconditioner.



Chapter 8

Multigrid Algorithms on Finite

Element Discretizations for SPD
Elliptic Boundary Value Problems

In all of the preceding chapters, we have only developed preliminary materials for
multigrid algorithms. The algorithms are indeed discussed in Chapter 7 but the
presentation there is completely abstract. Now we are in a position to begin the
discussion of some concrete applications.

This chapter is devoted to symmetric positive definite problems; thus the ab-
stract framework developed in Chapter 7 can be used. We will only confine our-
selves to the second order elliptic boundary problems with finite element discretiza-
tions which have been intensively studied in Chapter 3 and Chapter 4. Therefore
we would expect to employ the materials from Chapter 3 or 4 to supply the in-
gredients and verify the relevant assumptions needed in the abstract framework in

Chapter 7.

8.1 Preliminary

We will consider the multigrid algorithms on finite element discretization for the

following second order elliptic boundary value problem:

126
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LU = F in(),
U = 0 onof.

Here, Q is a bounded domain in IR? and £ is given by

"0 ov
Lv=— Z T(aijaixj) + apv,

ij=1 9L

with {a;;} uniformly positive definite and bounded on € and qy is nonnegative.

Correspondingly, we have the following bilinear form:

" Jv Ow
A(v,w) = Z-;l/ﬁaija%a% dx + apvw. (8.1)
This form is defined for all v and w in the Sobolev space H'(f2). Clearly, U € H}(Q)

is the solution of

A(U,x) = (F.x), Vx € Hy(®), (8.2)

Throughout this chapter we again make the following elliptic regularity as-

sumption, namely, there exists a constant o € (0, 1] so that
U\ 1) < ClF || ga-10), (8.3)

for the solutions U of (8.2), where C'is a constant depending on the domain 2 and
the coefficients defining L.

We will use the finite element method to discretize the above problem. To
do this we first need to discretize the underlying domain €2, namely, to construct
a triangulation of €2. This procedure has been discussed in Chapter 3 in detail,
hence we can assume a triangulation 7; is given on 2. On this triangulation, finite
element spaces can be constructed. First of all , let us consider the conforming

elements. As we have done in Chapter 3, our main interests are in the continuous
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piecewise linear polynomial space M; C Hj (). Using this space, we can formulate

the finite element approximation of the problem (3.4) by

Find u; € M, such that
A(uj,v) = (f,v), YveM,;. (8.4)

Another type of finite element space we will study is nonconforming element
we described in Section 4.5, we denote it by Mj which is the space of piecewise
linear polynomials that assume the same value at the midpoint of each edge of
any element and vanish at the midpoints of the edges on 0€). With this space, the

finite element approximation of (8.2) is given by

Find u; € Mj such that
Aj(ug,v) = (f,v), YveM, (8.5)

Our primary purpose is to develop multigrid algorithms to solve the equation
(8.4) and (8.5). More specifically, the Algorithm S proposed in Chapter 7 will
be used. This algorithm will be studied below for different kinds of domains,

triangulations, finite element spaces etc.

The Algorithm S consists of the following ingredients that we need to choose

in different situations:

1. The multilevel spaces My, My, -+, M;.
2. Bilinear forms Ag(-,-) and (-, ), for k=1,---, 7.
3. Prolongation operators Z : My,_1 — My for k=2, ;.

In all the following applications, we will make the following assumptions, under

which (A7.2) holds trivially with inequality:
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1. Unless otherwise specified (e.g. Section 8.3), we always assume that  is a
polygon or tetrahedron in order to construct a nested sequence of multilevel

spaces.!

2. Unless otherwise specified (e.g. nonconforming element), all the quadratic

forms Ag(-,-) will all be the same as given by (8.1).

3. If the multilevel spaces are nested, namely M;_; C My, for k = 2,---,7,
the prolongation operators Z : Mj_; — M, will be the natural inclusion

operators.

The assumption (A7.0) on the smoothing property can be treated in a uniform
way for different applications, since this assumption only involves a single space. If
the smoother is the Richardson method, (A'7.0) holds trivially. For Gauss—Seidel
method, (A7.0) follows from 5.1, hence we have

Lemma 8.1 For a quasiuniform mesh or nonquasiuniform mesh, (A7.0) always
holds for Richardson method as a smoother. For quasiuniform mesh, (A7.0) also

holds for Gauss—Seidel smoother.

As we see, in most cases, we only need to verify (A7.1). To do this, we will
frequently quote the results from Chapter 4 which is in fact mainly devoted to the

verification of the very assumption (A7.1).

8.2 Nested Quasiuniform Meshes

The finite element discretization on the nested quasiuniform triangulations for the
second order elliptic boundary value problems is a well studied subject in the
theory of multigrid algorithms. The convergence property of various multigrid

method has been studied by many others, c.f. Bramble and Pasciak [21] and

'For the Neumann problem, however, nested spaces may be obtained for curved boundary
domains.
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the references therein. Some of such known results will be derived now from our

framework of Chapter 7 as a prelude of our discussion in this chapter,
To proceed, we need to assume the notations from Section 4.1. As we have done
there, we construct a sequence of nested triangulations which are all quasiuniform

and correspondingly we have a sequence nested spaces as follows
My C My C M. (8.6)

To define the Algorithm S | for each k, let (-,-); be defined by (4.3), all the
other ingredients needed in the algorithms are already described in the preceding
section. Therefore the Algorithm S for our problem is defined. To apply the
results in Chapter 7, we need only to verify (A7.1), but this is exactly Theorem
4.1 of Chapter 4. Consequently we have the following

Conclusion 8.1 Under the assumptions described above, the results in Theorem

7.1 all hold.

8.3 Nonnested Quasiuniform Meshes

The motivation for studying this kind of mesh is very simple: a sequence of nested
meshes is not easy to set up on a domain whose boundary is curved. Hence in
order to apply the multigrid idea to this kind of problem, we wnat to allow the
underlying multilevel grids to be non-—nested. As a result, for most of the problems
(e.g. Dirichlet boundary value problem), the corresponding multilevel spaces are
not imbedded as in (8.6).

However most of the results in multigrid analysis strongly rely on the imbedding
property as shown in (8.6). Even though there were some theories that seemingly
allow this imbedding property to be violated, their applications are limited and in

particular are not appropriate to the present problem.
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Now we have the abstract framework from Chapter 7, which was actually pri-
marily motivated by this curved-boundary—domain problem. In the following we
will apply the theory there to study the problem.

The ingredients needed in our development are actually prepared in Section
4.3 and 4.4 in Chapter 4. What we need to do is only to take the development in
Chapter 4 and define the Algorithm S and verify certain assumptions required
in the framework of Chapter 7.

Accordingly we have two kinds of multilevel grids, which will be discussed

separately in the following.

8.3.1 Specially coupled grids

Specially coupled grids are obtained by triangulating the domain successively in a
special way so that that the mesh domains more closely approximate the original
domain. In particular every two successive meshes are nested except for those
elements near the boundary of the domain. Detailed description is given in Section
4.3 for this kind of grid on a curved-boundary-domain. In this case, the inner
product (-, ), on each level is similar to the nested case, which is defined by (4.3).
But prolongation operators are nodal value interpolations and they will however
only perturb the value of functions in coarser spaces near the boundary of the

domain because of the special structure of the multilevel grids. It turns out that

assumptions (A7.1) and (A7.2') (with v = 1) are both satisfied according to

Lemma 4.5 and 4.4. Consequently, we have
Conclusion 8.2 Under the assumptions described above, the results in Section

7.8.2 are all valid.

8.3.2 Loosely coupled meshes

If two successive grids in a multilevel structure are not related in any intimate

way, we will call these multilevel grids loosely coupled. On these grids, there is
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more freedom and flexibility for domains with more complex geometry. However
in order to have optimal efficiency of the multigrid algorithm, the mesh size and
number of nodes in each of these grids should asymptotically behave similarly to
the usual nested grids. A description of loosely coupled grids is given in Section
4.4. In this case, the inner product (-, ) is still defined by (4.3), but we need to

make different choices of prolongations for problems of two or higher dimensions.

Two dimensional problems

In this case, prolongations are nodal value interpolations. By Lemma 4.6, assump-

tion (A7.1) is satisfied, consequently

Conclusion 8.3 Under the assumptions described above, the results in Section

7.3.3 and 7.3.4 are all valid.

Higher dimensional problems

For higher (d > 3) dimensional problems, we have technical trouble if the prolonga-
tion is the interpolation operator. Although there are some reasons to believe that
the interpolant should still be a good candidate for the prolongation in such cases,
our proof in two dimensions does not carry over. As an alternative approach, we
will use the L? quasi-projection as a prolongation. This was described in Section

4.4. By Lemma 4.5, the assumption (A7.1) is satisfied. Consequently,

Conclusion 8.4 Under the assumptions described above, the results in Section

7.8.3 and 7.3.4 are all valid.

8.4 Nested Nonquasiuniform Meshes

There are many situations where local mesh refinements are important in the

finite element approximation. A typical example is the case in which the solution
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of the partial differential equation possesses singularities near the corner of a non—
convex domain. Singularities also occur if the coefficients of the equation are
discontinuous. Near a singularity, the mesh should be refined in order to maintain
the accuracy. In this way, nonquasiuniform triangulations arise.

It is quite natural to try the multigrid method for the refined meshes. As a
matter of fact, much attention has been paid to for this problem in the literature.
Some numerical examples actually indicate the efficiency of the algorithm. How-
ever, the theoretical aspect of the algorithm gets much more complicated and it
seems that very little is done in this direction. In [92] and [93], Yserentant presents
some results for some systematically refined meshes, but it is not clear how to get a
sequence of nested meshes that still satisfy the required conditions. Another work
along this line which is sometimes mentioned in the literature is, [77], the Ph.D.
thesis of von Rosendale, but unfortunately the proof appears to contain a mistake.

So far we do not know if the framework in Chapter 7 can be applied in this case
for any practically useful refined meshes. The main trouble is in the verification of
(A7.1) which is strongly related to the elliptic regularity of the underlying partial
differential equation.

Our strategy in this section is somehow to skirt the elliptic regularity. Instead
we will use the method presented in Chapter 6. In this way it is hard to expect to
get an optimal result, but what we shall show suggests that the multigrid algorithm
for refined meshes is quite reasonable and at least our theory provides a complete
theoretical justification for two, three or or any fixed number of levels.

We will follow the notation and assumptions in Section 4.2. The most crucial
step is perhaps to make the right choice of the inner products (-, -)x, which can be

defined by (3.7), or equivalently by

W =RY Y Y u@p)

i=1 T, e, xENRNT

For d = 2, this coincides with what was used in [92]. But for d > 2, this appears
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to be new. This should be important for further study of higher dimensional
problems.

For simplicity, we will only consider the Richardson method as the smoother.

Therefore we have all the ingredients to define the Algorithm S . Next we
shall apply the results in Chapter 6 to establish a convergence theorem of this
algorithm. To do this we need to verify the assumption (A6.1) and (6.14). The
inequality (6.14) is trivial since the smoother of the algorithm is the simple Richard-
son method. By Theorem 3.9, we see that A\, < hj 2, hence the assumption (A6.1)
is verified by Lemma 4.2. Therefore from Lemma 7.1 and Lemma 6.3, we can

conclude the following

Theorem 8.1 (Non—quasiuniform meshes) Under assumptions in Section 4.2,

the Algorithm S in Section 7.1 satisfies:

0< Ak((] — BkAk)U,’U) < (SkA(U,U), Yv € My,
with 6 = (1 —n)0k—1 +n and 61 = 0, where n € (0,1) is a constant independent of
k.

Remark 8.1 It is not hard to verify that the d,’s given in the above theorem
satisty

5k:1_<1_n)k_1’ k:172a

Even though d; tends rapidly to 1, this proves the uniform contraction of the
multigrid algorithm for any locally quasiuniform meshes if the number of the levels

is fixed.

8.5 Interface Problems with Large Jumps in Co-

efficients

This section is devoted to the following interface problem:

—V@V)U = F inQ,
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U = 0 ondf. (8.7)

Here a = a(x) is a piecewise constant functions on 2. More precisely €2 admits the

following decomposition

— J p—
Q=%
i=1
where (2; are mutually disjoint open polygon or tetrahedral and for i =1,...,J
a(x) = wj, Vo e Q; (8.8)

and w; are positive constants.

We want to allow large jumps in the coefficient a. Evidently, the results in
Section 8.2 still hold for above problem since the elliptic regularity estimate (8.3)
is still valid in this case for some positive . But one observes that the convergence
rate estimate for the multigrid algorithms would depend on the jumps in a. Since
these jumps may be very large, the convergence rate could be effected to a great
extent so that the algorithm may be no more efficient.

In practical computations, one can use the weighted discrete L? as in (8.9)
below to overcome this difficulty. It is observed numerically the corresponding
multigrid algorithm converges independently of the jumps of a. However a theo-
retical justification of this phenomenon is lacking.

The whole trouble is again on the assumption (A7.1) if we want to apply our
abstract theory in Chapter 7, since the constant C' in the elliptic regularity estimate
(8.3) used to prove (A7.1) depends on the jumps of a. Again our approach here
is to use the results from Chapter 6 to study this problem.

To define the Algorithm S |, we assume that () is triangulated by a nested
sequence of quasiuniform meshes {7,k =1,...,j} as is described in Section 4.1.
An obvious additional assumption we need here is that the interfaces of 9€);’s are

lined up with each triangulation, hence the restriction of each 7, on each €; is
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also a triangulation of €); itself. The discrete inner product is defined by
J
(u7 v)k,w - hz Z Wi Z U(l’)?)(l’) (89)
=1 zeNNQ;

Its induced norm, denoted by ||-||x., is equivalent to ||-|| 2 ) defined from (3.37).

Similarly, operators Ay : My — M, are defined by
(Apu, V) = A(u,v), Yu,v € M.
Inverse inequality implies that
M S p(Ar) S b

Again, we will use the technique described in Chapter 6 to study this problem.
To begin with, we derive from Lemma 4.1 that

Lemma 8.2

I = Ti-1)vlli S AT A, 0), Yo € My,

Hence we can apply Lemma 6.3 to conclude that

Theorem 8.2 Under assumptions described above, the Algorithm S in Section

7.1 satisfies:
0 < Ap((I — BrAp)v,v) < 3pA(v,v), Yo € My,
Bkl < 0 <1

with 6 =1 — (1 —n)¥1 and §; = 0, where n € (0,1) is a constant independent of
k.

The above theorem shows that the multigrid algorithm converges uniformly
with respect to the jumps of the coefficients, provided that the number of levels
is fixed. This may give a justification for some numerical experiments since in

practice the number of levels are often about 3 or 4.
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8.6 Interface Problems with Refined Meshes

This is a continuation of the preceding section. According to the theory of PDE,
we know that the solution of the interface problems (8.7) usually possesses singu-
larities. Hence mesh refinement are important in this case. In this way, we are
confronted with two difficulties at the same time, namely the large jumps and the
nonuniform grids. But fortunately our argument given above is completely local
and hence still applies to this case.

The nested sequence of triangulations are given as in Section 4.2 with a con-
straint that the interfaces of 0€);’s are lined up with each restriction 7. The

discrete inner products on the corresponding spaces My, are defined by

(u,v)kw:hii:wi >R YT u(x)v(x).

=1 Ty eE€NKNT
With a similar local argument, we have the analog of Lemma 4.2 as follows:

Lemma 8.3 For any v € My,
(I = L)l S hR A, v).
Therefore Lemma 6.3 is satisfied. Similar to the preceding section, we have

Theorem 8.3 (Interface problems with refined meshes) Under assumptions

described above, the Algorithm S in Section 7.1 satisfies:
0 < Ap((I — BrAp)v,v) < 3 A(v,v), Yo € My,

with 6, = 1 — (1 —n)*, where n € (0,1) is a constant independent of k.

8.7 Nonconforming Finite Elements

In this section, we will design and analyze a multigrid algorithm for solving the

equation (8.5). The key idea is to use the conforming elements as coarse spaces.
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As usual, we are given nested triangulations as follows
717 75’ R 7,]}'

We first assume that all the above triangulations are quasiuniform. On the finest
triangulation 7;, the Crouzeix-Raviart space M; is defined, which is a space of
piecewise linear functions on 7; that assume the same value at two adjacent ele-
ments at the midpoint of their common edge and vanish at the midpoint of each
edge on 0f).

To define the coarse level space, we employ the same notation M, to denote the
continuous piecewise linear functions on 7 that belongs to Hj(2). The multilevel

spaces defining the Algorithm S will be given by

~ ./\;lj, if k=j;
M’“_{Mm, itk <,

Notice that M, will play the role of My, in the definition of Algorithm S .
Therefore we get a sequence of nested spaces
Ml CMQ C... C./\;lj_l CMj.
On M, the bilinear form A;(-, ) is now defined by

Aj(u,v) = Y A(u,v), Vu,v € M;

T€T;

where A, (u,v) = [.(X;; aij 2% 2% + aguv)dz, and the bilinear form (-, -); is defined

by

where ./\_/'] = set of all midpoints of the edges in 7;. On M,, for k < 7, the bilinear

forms Ag(-,-) are all the same as given by (8.1) and the bilinear form (-,-) is
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defined by
(w,v)e = hy > ul@)v(z).

IENk+1
It follows from Lemma 4.9 and Lemma 6.3 that

Theorem 8.4 Under the assumptions described above, the Algorithm S satisfies
£, <0 <1,

where, for variable V—cycle or W—cycle, 0 is independent of 7 and for V—cycle,
d =(1—=mn)dj_1 +n for a constant n € (0,1) and 6,1 € (0,1) given by (7.10) with
k=j—1.

Proof. It follows from Theorem 7.1 that

151l 4 < 051 <1

where §;_1 is given by (7.10)-(7.12) with k = j — 1 for V-cycle, variable V-cycle
and W-cycle respectively.
The desired result then follows from Lemma 7.1 and Lemma 6.3. B

Remark 8.2 It is almost obvious that most of the results in Section 8.3 can be

extended to nonconforming P; elements, the details are left to interested readers.

8.8 Comments

Nonnested multigrid algorithms were also independently studied by Zhang in his
Ph.D. dissertation [96]. For a special class of multilevel spaces, he proved that the
W—cycle algorithm would converge if the number of smoothing is sufficiently large.
Other work on some particular non—nested multigrid algorithms can be found in

the paper by Brenner, c.f. [32, 33].



Chapter 9

Nonsymmetric and Indefinite
Problems

In this chapter, we shall provide some new iterative convergence estimates for
multigrid algorithms applied to nonsymmetric and indefinite problems.

Our attention will be mainly be paid to the analysis of the so—called symmetric
scheme for which the convergence analysis for one smoothing was lacking before.
However we will also take a look at the so—called non—symmetric scheme and will

develop a theory that simplifies the existing work on its convergence analysis.

It turns out that our analysis for the nonsymmetric scheme is very technical. At
this point we will merely present our theory for the nested meshes. A more general

theory like the one in Chapter 7 and Chapter 8 needs to be further developed.

The outline of the remainder of the chapter is as follows. In Section 9.1, we
describe the abstract framework to be used in this chapter. The assumptions
used in our analysis and some preliminary definitions are also given there. Section
9.2 shows how this framework can be applied in the case of nonsymmetric and
indefinite uniformly elliptic second order boundary value problems. In Section
9.3, we will give a simplified analysis for a symmetric scheme. The convergence
estimates given in this chapter are based on three technical lemmas. In the first
part of Section 9.4 we prove our multigrid theorems assuming the technical lemmas

and the second part provides the proofs of the lemmas that represent the core of

140
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our analysis.

9.1 Abstract Framework and Assumptions

In this section, we first give an abstract framework for our nonsymmetric multi-
grid application. This abstract presentation more clearly identifies the relevant
hypotheses used in the iterative convergence analysis to be developed. We then
list the assumptions required for the multigrid analysis presented in later sections.
To keep the presentation from becoming too abstract, we show how a model ap-
plication to a second order problem fits into this framework in the next section.
We start with a Hilbert scale (cf. [57]) of spaces {H7} for v € [0,2]. The norm
on H? will be denoted by |[|-||zr+. We assume that H* C H' whenever ¢t < s. The
largest space (i.e. v = 0) will be denoted H with norm |||z and inner product
(-,+). The space H? is assumed to be compactly contained in H° whenever v > 4.
Let M be a closed subspace of H'. The spaces H® for —1 < s < 0 are defined by

duality and with norm given by

(v, 9)

|v||gs = sup ————.
oeM ol

Assume that we are given a nested sequence of ‘approximation’ subspaces

M1CM2C...CMjCM.

In addition, let A (-,-) be a positive definite symmetric bilinear form on M x M
satisfying

A, v) = |vl|} YveM (9.1)
and D (-,-) be a bilinear form on M x M. We shall be interested in approximating

the solution of

Au,¢) = A(u,¢) + D (u,0) = (f,¢) Yo e M, (9.2)
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for a given function f € H. We shall assume that (9.2) is uniquely solvable for
any f € H.

We will be interested in applying multigrid procedures to develop a rapidly
converging iterative algorithm for the solution of the Galerkin approximation of

(9.2) in the subspace M. Specifically, we seek the function u € M; which satisfies

Au,x) = (f,x) VYxeM;. (9.3)

We next list the assumptions required for our multigrid analysis.

(A9.1) The first assumption involves elliptic regularity for the forms A (-,-)

and A (+,+). We assume that solutions u of (9.2) and the corresponding equation
A(u,0) = (f,0) V9eM

satisfy
ullzree S N f e (9-4)

for some « € (3/4,1] independent of f.
(A9.2) We assume that D satisfies

|D (v,w) | < vllg||wllg Vo, w e M. (9.5)
It is an immediate consequence of (9.5) that the operator D : M +— H defined by
(Dv,0) =D (v,0) V8e€ H

is well defined and satisfies

Dol < vl (9.6)
We further assume that D maps, for o € (0, 1], H'*® into H?, i.e.

|1Dv||ga S ||0|| e (9.7)
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Let D* : H +— H~! be defined by
(D*w, ¢) = (w, Do) .

We assume that D* is a bounded operator from H' into H~'/?~¢ for any positive

€.
(A9.3) We require approximation properties for the subspaces {My}. These
are given in terms of a parameter h;, which satisfies
hi <", for a constant n € (0,1).
We assume that for v in H® and s € [1,1 + «], there exists x € M, such that
o =Xl + hello = xllar S Aol

(A9.4) We require that the inverse inequality,

lwl|| e < A% |wllgr Yw e M,

~Y

hold for all § > ~v with 8,7 € [0,1+ «].
(A9.5) We require first that the discrete inner product (-,-), be equivalent to
(+,-) on My, ie.
Il = lixllar- (9.8)

In addition, we assume that the discrete inner products accurately approximate

the inner product on H in the sense that
(0, x) = (0, )kl S Pl @l (Xl Vib, x € M. (9.9)

We next introduce some discrete operators which play a fundamental role both

in the analysis and the algorithms to be considered in this chapter:

The operators Ay, flk, Dy, : My, — M, are defined for w, 0 € My, by
(Akw?e)k: = A(wve)a

(Agw,6) = A(w,0),

(Dyw,0), = D (w,0).
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The operators Py, Py, Iy : M — M, are defined for w € M, 8 € My, by
A(Paw,8) = A(w,0),
A(Paw,0) = A(w,0),
(Ijw,0) = (w,0).

The operator I,’j_l : My — M. is defined for wy, € M, and 0,_1 € My_q,

(kalwk, Or—1)k—1 = (Wi, Op—1 ).

All of the above operators except possibly P, are clearly well defined. we shall
assume, however, that Ay is less than some positive constant v with v chosen small
enough so that the above assumptions imply that Py is uniquely defined (cf. [80]).
This also implies that Ay is invertible.

We note that (9.3) is equivalent to

We define two scales of norms on M, which we shall use in our analysis. The

operator Ay is symmetric and positive definite on M, in the (-, -), inner product.

We define the scale of norms {||-[|; ,} for any real s by
1s/2
lwlly, = [A 0|, Vw e My

Similarly, the operator A4, is also symmetric and positive definite on M, (here,
t denotes the adjoint with respect to (-, -),). We define the scale of norms {|| - |5}

for any real s by
s 1/2
lwollis = (A" AR)Pw,w) = Y € M.

Let Lj = (A" A;)"? then clearly

wg.s = Z/Qw Yw € M.
ol = |22,
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We will often consider the norms of operators from a space into itself. If
T : S+ S is an operator on a generic space S with norm ||-|| then the norm of T’

will be denoted by ||T']| and is given by

1 T|
T = sup ———.
ses |9l

9.2 An Application to the Second Order Prob-

lem

We consider a model second order problem in this section and show that the
hypotheses of Section 2 are satisfied. This application involves a finite element
approximation of a nonsymmetric and indefinite elliptic problem in N dimensional
Euclidean space.

Let © be a domain in RY. The spaces H® = H*(2) will be the Sobolev spaces
of order s on Q2 [58, 73]. We shall be interested in approximating the solution of
the problem

LU = F, inQ, (9.10)
U = 0, ondQ, (9.11)
(9.12)
where
N9 o X ou
LU = _1;1 afxiaz’j(f)@i% + ;bz‘(l’)ami + c(z)U.

We assume that the matrix {a;;(z)} is symmetric and uniformly positive defi-

nite.

Under appropriate smoothness assumptions for the domain €2 and coefficients
defining £, it is possible to prove that the solutions of (9.10)—(9.11) satisfy esti-

mates of the form (9.4) [45, 55]. For two dimensional polygonal domains, with
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coefficients in C1(Q), (9.4) holds for o > 3/4, if all interior angles of the polygon
are bounded by 47/3. For more general applications, we implicitly assume the
appropriate hypotheses so that (9.4) holds for a > 3/4.

The space M is a subset of H'(Q) satisfying appropriate boundary conditions.
In the case of boundary condition (9.11), M is the completion of C§°(Q2) in the
H'(Q2) norm.

A weak formulation of (9.10)—(9.11) is: Find u € M such that

AU, x)=(F,x) VYxeM (9.13)

where (-, -) is the usual L?(Q) inner product and

ou 81} N ou
A(u,v) = ”221/ e 8 +;/§zbifmvd$
+ /chvdx

Note that, in general, A(-,-) is nonsymmetric and indefinite. We assume that

(9.13) has a unique solution.
We define A (-,-) by
ou Ov
”221/ Cv axz dx—i—/ uv dx.

Then, obviously

N ou
D (u,v) :izl/gbiamivdx—l—/ﬂ(c—l)uvdx.

We next check (A9.2). Inequality (9.5) follows immediately from the Schwartz

inequality. The operator D is given by

N
Du:Zbiaau—l—(c—l)u

i1 Oi
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and hence (9.7) clearly holds. Finally, we note that for w € H'(Q2) and ¢ € M,

ob;

8xiw’ o}, (9.14)

(D*w, ) = (w, D) = —(Dw, $) + 2{/@Q binsweé ds — (

where n; is the component of the outward normal in the i’th direction. We assume
that b; is in C*(2) and that ¢ is in L>(£2). The boundary term in (9.14) vanishes
in the case of boundary conditions (9.11) and hence D* : H'(Q) — L?(9Q) in this

case.

We next consider the finite element approximation subspaces. For simplicity,
we shall only describe a piecewise linear application in two dimensions. The appli-
cation to higher dimensional problems and more general approximation subspaces
is straightforward. The nested sequence of triangulations and the corresponding
finite element spaces are constructed as in Section 4.1. The standard techniques
in the theory of finite elements (c.f. Section 3.4 and 3.8) imply that (A9.3) and
(A9.4) hold.

We finally define the discrete inner products. Let z¥

i» J = 1,2,3 denote the

vertices of the ¢'th triangle of the k’th grid. Define

3

> olaf)x(af). (9.15)

Jj=1

k
T

(6,0, =1/3%

Here denotes the area of the triangle 7¥. It is not difficult to show that (A9.5)

k
T

holds for this inner product. Note that (9.15) can be rewritten

(&), = D_wiow)x (i) (9.16)

where {y¥} are the nodes of the k’th grid and w? is an appropriate weight function.
We will define the multigrid algorithms in this section and develop certain

recurrence relations which will be used in the iterative convergence analysis given
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later in the chapter. The multigrid algorithm defines a linear operator By on M
which is an approximate inverse for Ag.
We define the operator By : Mj — M, by induction on k in the following

algorithm.

A Multigrid Algorithm

Set By = AT, Assume that Bj_, : Mj_1 — Mj_1 has been defined and define
Byg forge My and k=1,...5 as follows:

1. Set 2° =0 and ¢° = 0.
2. Forl=1,...,myg, define, for the nonsymmetric scheme,

ot =2 4 g — AT, (9.17)

and for the symmetric scheme,
ot =2 A (g — AraTh), (9.18)

where A\ is the spectral radius of Ay and uy is the largest eigenvalue of

Lk = (AktAk)l/Q.
3. Define Byg = 2™ + ¢ where ¢, fori=1,2,...,p, is defined by

¢ = ¢+ Bia[Ii-1(g — Apz™) — Ap_1q™ ). (9.19)

Remark 9.1 We have used p? in (9.18) for convenience. In a practical imple-

mentation, any reasonable bound for the largest eigenvalue of the system Aj‘A;
can be used.
As in Chapter 7, the following relation provides a fundamental identity for the

analysis of the multigrid algorithm:

I — ByAy =[(I — Pr_1) + (I — Br_1Ak_1)P P K™, (9.20)
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where for nonsymmetric scheme K, = I — ;' Ay and for symmetric scheme Kj, =
I — ,U,I;2A?;€Ak

The goal of this chapter is to prove inequalities of the form

I — BeAwlliy < O (9.21)

Such inequalities immediately imply that the linear iteration
" = u" + By(F — Agu™)

converges to the solution u of

Aku:F

with a rate of 1/d;, per step in the norm || - [|1. Equality (9.20) gives a way of
relating the reduction & to that of the (k — 1)-grid and hence provides a key

ingredient for a mathematical induction argument.

9.3 Convergence Analysis for a Nonsymmetric

Scheme

In this section, we give an alternative proof of a result by Mandel [64]. The proof
below by the author seems to be somewhat simpler. Note that, in the analysis of
nonsymmetric scheme, the assumption (9.9) is not necessary.

We begin with a technical lemma.

Lemma 9.1 Let K, = I — A\ Ay, K = I — N Ay and Vi = K™ — K, then
VALl S ombi

(1+Coh1)m—1

where o,, = ol
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Proof. Note that

(| e ||

IN

2,

AT Dille < coha,

AK, = KA
Hence
VA2l = 11Kk + A~ D)™ = K A
< f;c;;znxk-leuﬁ‘l||Ak-1Dk||k
< Chi i C! (cohy)™' = Coyhi.
=1
[ |

Theorem 9.1 Assume o = 1 in the assumption (A9.1). For the V-cycle non-

symmetic scheme with my = m, there exist constants Cy, C1, Cy such that
I — BrAgllka <6
where

ct

0= m + (27 - 1)71]1? + Cthlam(hlam + ].)
1

Therefore for any fited m > 1,
”[ — BkAka,l < o<1
when hy s sufficiently small.

Proof. We will use an induction argument to show that

11 = BeAllia < 0% (9.22)
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with

C? LA
B S . , . 1 .2
3+ 7 + > (k] + Comh;oy,(hioy, + 1)) (9.23)

=1

0
which implies the theorem since a trivial computation shows that
0 < 0.

As usual (9.22) is trivial for £ = 1. Assuming it holds for k—1, we can then deduce
that

1T — BrAk|l7, (9.24)
1A o~y 2 N AL/2~p 2
< C( = 0p—1)(Ng ARtk ) + (k-1 + R7)[|A "] - (9.25)
But
) PP, 2
|Axtlle = || AR(KZ + Vi)ull
A A 2 ~ 2 A A ~
It follows from Lemma 9.1 that
1ARViulli < b2l Viulle S ol Ay %l
and it is clear that
IR ulli < [ Akulli S by | A ullx.
Combining the above three inequalities yields
i~ 2 i Fema ), 2 —1y|| A1/2
[Agtlly < [[AKTulle + Com(om + hy )| A "l (9.26)
Analogously
11/2~ A1/2 By 2 71/2 2 i tm
1A Ul = A K ulle + [[AY Viulle + 2(ARK u, Vi)

~ N 2 A~ 2
< A EPulle + Clhiom) 2| A k-
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Applying (9.26) and the above inequality to (9.24), we deduce that
17— BrAllz 2
< CH1 - G )W NAKT Ul + Chiom(hiom + 1) A ulli}
O+ ARl + C o) A ]}

. .

< CHU = ){g (Al = KiP™)u, 0) + Chyo(heo + DA ull1}
A ~ 2 ~ 2

e+ 00 (ARl + Cluon Il

Consequently, if

1 — 0

02
L om

< by (9.27)

then

11 — BrAx|li

. 2
< (p1 + B) + Comhyom (hiom + DAY 2ulls
Thus it suffices to have

It is evident that (9.27) and (9.28) will be satisfied if we choose d; as in (9.23). B
Remark 9.2  Results similar to Theorem 9.1 also hold for W-—cycle algorithms
with a similar proof. In general it is unlikely the variable V—cycle would also
converge since the frequences corresponding to the negative eigenvalues of A, will
be amplified if the number of smoothings is too large. In contrast, the symmetric

scheme converges for the variable V—cycle (c.f. Theorem 9.2).

9.4 Convergence Analysis for the Symmetric Scheme

The symmetric scheme will be carefully analyzed in this section. The technique

used is different from that in the preceding section for nonsymmetric scheme.
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We first give results for the variable V—cycle. Next, we consider the V—cycle
with constant m(k) = m. Finally, we consider the W—cycle algorithm. The proofs
of these theorems depend on three lemmas. These lemmas are central to the
analysis and will be proved in the next subsection. In this section, we prove our

multigrid theorems assuming the lemmas.

9.4.1 The convergence theorems and their proofs

We start by stating the lemmas. The first lemma gives a so called ‘regularity and

approximation’ estimate for the projection operator P.
Lemma 9.2 Assume that hy is sufficiently small. Then

12 = Pea)oll} S G 1wl D) (Luw, 0)i™° Wo € M.

The next two lemmas represent an essential part of the analysis of this paper.
Their proof uses the Dunford-Taylor integral formula for operators and is given in

the next section.

Lemma 9.3 Assume that hy is sufficiently small. Then, for all v € My, x €
Mk—17

(Li(I = Pooy)o, X) S by P71 = By )o

kallxlka (9-29)

holds for any positive €.

Lemma 9.4 Assume that hy is sufficiently small. Then, for all x € My_1,
I = x| | S B2+ log A Ix IR 1

We can now state and prove the convergence theorem for the variable V—cycle

algorithm with (9.18).
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Theorem 9.2 Let p =1 and assume that my, satisfies
Yo < Mp—1 < V1M, (9.30)

where o and 7y, are constants greater than one and independent of k, for k =
2,...,j. Let v be positive and less than min (o — 1/2,4a — 3). Then there exist
positive constants M and v not depending on k such that when hy < v, (9.21) holds
with

M
op = —— (9.31)
a/2
M +my,

fork=1,...,7.

Proof. We will prove the theorem by induction. Clearly, (9.21) holds for £ =1
with 0 given by (9.31). Let k € {1,...,7} and assume that (9.21) holds for k£ — 1

with 01 given by (9.31). It follows from the recurrence relation (9.20) that

(7 = BrAw)vllzy = I = Pe-a)dlliy + (7 — Be-1 A1) Pe-atlli,
+ 2(Lg(L — Po—1)0,(I — Br_1Ag_1)Pr_10).
where v = K;"*v. Applying Lemma 9.3 gives
I =BeA)elliy < ChE7) (I = Pc)llf + U = Beoa A1) Pl
Using Lemma 9.4 and the induction hypothesis, we deduce that
(I = BrorAx-1) Por0llzy < (14 CROIT = Bro1Ag—1) Pio10lli_1 4
< Op-a(1+ CADNPe-10lk-1a
< G114+ CRDI Pl
holds for any fixed 7 less than 4o — 3. It follows from Lemma 9.3 that
Il = WPe-a0llzs + 0 = Peon)0lliy + 2 (Le(I = Pi1)0, Paor0),

a—1/2—e¢ ~ ~
> (1= Ch ) (1Pl + 1 (1 = Peoa)dl})
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and thus for v sufficiently small
~ a—1/2—e\ |~ ~
IPeadlZ, < (L+ OB~ Bl = I = Peo1)Bl

Requiring, in addition, that v < o — 1/2 and combining the above inequalities

gives
I(7 = BeAg)ollz, < (14 ChD) {(1 = 86 )I(7 = Per)BlR, + s lol7 } -

By Lemma 9.2, the Schwarz inequality, and a generalized arithmetic geometric

mean inequality,

17— Pl S (it (L30,8),)" (Lid, 0),°

A

(i (L30,2),) " (Lt )™

= (Li(] — Kp) K™, K 0)2? (Lo, 0)1 7

Applying the Lemma 6.1 with ¢ = Ch] then completes the proof of the theorem.
|

We next prove a theorem for the standard V—cycle algorithm.

Theorem 9.3 Consider the V—-cycle algorithm (p = 1) with my, = m for all k. Let
7 be positive and less than min (a«—1/2,4a—3). Then there exist positive constants
M, ¢, and v not depending on k such that when hy < min (v, c¢(j —1)~2©@") (9.21)

holds with

Mk(Q—a)/a
- Mk(2—a)/c +ma/2

O (9.32)
fork=1,...,7.

Remark 9.3 The theorem suggests that the V-cycle may be less robust than the

variable V—cycle. Note that the convergence estimate for the V—cycle algorithm
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deteriorates as k becomes larger even in the case a = 1. Furthermore, the theorem
suggests that for stability, the coarsest grid must become finer as the number of
grid levels increase.

Using the same proof as above we can get the theorem for the W-—cycle algo-

rithm as follows.

Theorem 9.4 Consider the W—cycle algorithm (p = 2) with my, = m for all k.
Let v be positive and less than min (o — 1/2,4a — 3). Then there exist positive
constants M and v such that when hy < v, (9.21) holds with

6r=0=(1+m/M) /> (9.33)

fork=1,...,7.

9.4.2 Proofs of the Lemmas

This section will provide the proofs of Lemmas 9.2-9.4. Before proceeding, let us

state two propositions and two preliminary propositions.
Proposition 9.1 For allv € H',
[vllF S A (v, v) + [lvllF.
Proposition 9.2 Forv e H'** and 0 <6 < a,
(T = Poyolln-s S W = Beyolan. (9.34)

If hy is sufficiently small, then Py is well defined and

I = Pe)ollar < i%l lo = xlla, (9-35)

X€ k

for allv e M.
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Proposition 9.1 follows immediately from (9.5). (9.34) follows from a standard
duality argument (c.f. Proposition 3.8) and (9.35) can be proved by using the
techniques given in [80].

We next introduce the preliminary lemmas. The first lemma was essentially

proved in [7].

Lemma 9.5 Let 0 < s <1. Then

xlles = lxlles = lIxlles  ¥x € M.

In addition,

Ixllee = lIxlles VX € M.

Lemma 9.6
(I =)ol < hellollm, (9.36)

ITL0l|se < [[ollme for 0 < s < 1. (9.37)

Proof. The proof is identical to that of Lemma 3.6. B

We can now prove Lemma 9.2.

Proof of Lemma 9.2

Following the argument in Section 4.1.1, we can easily show (using our assump-

tions and definitions) that
A ~ 2 ~
(I = Beo)oll} < (B2 || Aro]| ) A(w,0)' = Yo € My,

We note that (A9.4) and Lemma 9.5 imply that h? < u;*. The lemma now follows

from (9.35) and Lemma 9.5.
The proofs of Lemma’s 9.3 and 9.4 require some technical perturbation esti-
mates. We consider the term on the left hand side of (9.29). Let Gy = Ly — Ay,

then since
(Ak(l — Pk—l)”?X)k = 07
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we have

(Le(I = Pe)o,X)y = (GalI = Peoa)o,x), = ((I = Poa)v, Gix)
< (= Peaoll |Gox ], - (9.38)

Thus, we must estimate G%, = L, — A, — DL
In light of (9.38), we see that it would be useful to estimate the difference

L, — Ax. Note that Ly is defined as the positive square root of the discrete operator
L} = A'Ag. An alternative expression for Ly is given by the Dunford-Taylor

integral representation (cf. [52]);

Ly = (2mi)~! / PR (L2) d2 (9.39)
T

where R.(L?) = (z — L)™' is the resolvant and I is a simple closed curve in the

right half (complex) plane which encloses the spectrum of L7. Let sy, k9 > 0 be

such that the eigenvalues of L? and A2 are in the interval [2k1, ko). Here, we will

take I' as follows:
L = A{(k,yly € [=rr, ma]} U{(E )|t € [k, 2r2]}

U A{(t, =0)[t € [k, 2r2]} U{(2h2,y)y € [-2k2, 2]}

Using an expression similar to (9.39) for Ay, gives

L — Ay = (2mi) / APR(L2)(LE — A2)R.(A2) do. (9.40)
T

To estimate (9.40) we shall use the bounds given in the following lemma.
Lemma 9.7 Let S and T be symmetric positive definite operators on My, satisfy-
mg

261 xlle < (57X, < w2 Il

2 2
26 Xl < (T X)), < k2 Xl
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for all x € M. Assume that k1 > ¢ independently of k. We allow S, T and ks to
depend on k. Then

[1a172]5 - Ra(83)], [R(T2)], dlzl S (1 +10glma/)), (9.41)

and for any x € My,

2
J1a172]82 Ra(S2)x[ dle) < I} (9.42)
T

Proof. By symmetry, it suffices to derive the above bounds for the curve I'| =
I'' UTy U3 where I'y = {(k1,y)|ly € [0,k1]}, Ta = {(t, 1)t € [k1,2K2]} and
['s = {(2k2,9)|y € [0,2K2]}. By expansion in terms of eigenvectors, it is easy to

see that

|5°R.(5%)|, < e B NN =zt 3=0,1/2,1. (9.43)

A similar inequality obviously holds for 7T'.
Let
Fity) = [1217 8- Ru(?)), [R(T2)], diz]

v

and

2
Fon) = [ |52 RS2 2l
v
Then by (9.43) and elementary estimates,

Y

T I A E R E P
I'

Fils) 5 [ 1ol dlz] S log(2ma/xa),

(oo} /12
FiTs) < / dy < 1.
1( 3) ~Y 0 H%+y2 yN
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This verifies (9.41). Similar arguments give

—3/2
A S (1 dl) N} S I
Iy

———d < .

AT s ([

To bound F,(I'2), we expand in terms of the eigenvectors of S. Let {\;, 6;} denote
the eigenvalue-eigenvector pairs for the operator S. Without loss of generality, we
may assume that {6;} form an orthornormal basis for M;. Clearly, 2x; < A\? < Ky

holds for each ¢. Decomposing
X = Z ci;

gives

)\i02

. —
A? —2|*

ERSENCEN DS

Integrating term by term yields,

o) = 321 | A
= C: .
2T L e (M=) 82

(2

(9.44)

Elementary manipulations show that the integrals in (9.44) are bounded uniformly
in #y, Ky, and );. Hence Fy(T'y) < [|x||5. This completes the proof of the lemma.

We now state and prove a lemma for estimating L, — flk

Lemma 9.8 Let hy be sufficiently small. Then,
1Zkx — Axxllm < B~ (1 + log hul) x|,

and

|Zix = Aux|, < Bl
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Proof. By Lemma 9.5,
1Zix = Apxlln < || (e = Aw)x ||,
By (9.40), for any x,0 € My,

(L (L = Ax0), = @) [ 22(BRL(AD) Ay, LiR(L])0)x d2

r

where

E, = L;?(L2 — A2)A; "
By the Schwartz inequality and (9.41), with S = Ly, and T = Ak,
(2 (Li = Ax.0) | S (1+ log ) | Bl | Axxe]| 111,

Note that we have used the fact that x; is bounded uniformly from below and by

A9.3), we can take ko < h?. Similarly, by (9.40),
~ M

(ka — Ay, G)k = (27Ti)_1/Zl/z(EkAi/QRZ(AZ)AimX, L,lg/2Rz(Li)9)k dz.
r

By the Schwartz inequality, Lemma 9.5 and (9.42),

’(LkX - Aane)k’ S Bkl Il 101, -
Thus, the proof of the lemma will be complete if we can show that
[P0 PSS P

Obviously,

L? — A2 = A,Dy + DLA, + D Dy,
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and hence
1Bl < ||x "2 AeDi A + |12 DLARALY| + | L P DEDRALY (9.45)
Using Lemmas 9.5 and 9.6 and (9.6) gives
b ]~ D, - s 51

Similarly,

|2 DiD AL s [ Dt DA s

For the first term of (9.45), using Lemma 9.5 gives

| P ADAT < LA,

ADd, < Ao,

Combining the above estimates, making an obvious change of variable and applying

Lemma 9.6 implies that the proof of the lemma will be complete if we show
IDixllar < bt HAkXHk Vx € M. (9.47)
Fix y € My and let w € M be the solution to
Aw,¢) = (Akx, ¢) Vo € M.
Clearly x = Pyw. Now
| Dix |l < e D(x — w)|| g + ||HgDw|| g
Applying (9.6), (A9.3), (A9.4), and Lemma 9.6 gives
I D(x = w)l[m < byt llx = wlla < B~ Jw]| o
Finally, by (A9.4), Lemma 9.6 and (9.7),

e Dwlm < b~ T Dwlge < A~ 1 Dwllge < e~ lwll .y, -
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Inequality (9.47) now follows combining the above estimates with (A9.1). This
completes the proof of Lemma 9.8 B
We can now prove Lemma 9.3.

Proof of Lemma 9.3

By (9.38), Lemma 9.5 and Proposition 9.2, it suffices to show that

|Gix], £ h7 UIx .

In turn, by Lemma 9.8 and the triangle inequality, noting that o > 1/2, it suffices
to show

|Dix, £ 27l (948)

Let 0 € Mj. Then by (A9.2), (A9.4) and Lemma 9.5

—1/2—¢
(Dix.6), = (D%.0) S Il 8l rase < g Ul 61

Inequality (9.48) immediately follows. This completes the proof of the lemma.
We shall need two additional lemmas for the proof of Lemma 9.4. The first

involves stability and approximation for the operator 1 ,lj_l.
Lemma 9.9 For all x € M,,
(7 = I D)Xl < bl (9.49)

and

I Xl S Ml (9.50)
Proof. Note that by (9.8) and (9.9), for ¢ € My_1,

(I = T)x, @)1 = (6 2k — (6 9) S halixlla ool

This implies that

I = P)xlle-1 S Pl

The lemma then follows from Lemmas 9.5 and 9.6 and (A9.4). &
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Lemma 9.10 For all x € My_4,

HA’“XHk N hz_l HA’“_IXHkq ’ <9'51)
1Zexlle S Al Leeaxllgs » (9.52)
| Akeaxlles S 87 I L, (9.53)
and
ILixlle S B2 || ]| - (9.54)

Proof. By Proposition 9.2, Lemma 9.5, (A9.3) and (A9.4), for all ¢ € My,

|o = P, S hgllgllm S B Mol
hence
|Peare]|, S Bl

Therefore, for x € Mj_4,
(Ao 9), = Al9) =A(x Bey)

= (Ak,lx, lf’k,w) S h371 HAk*lXHk—l ol -

k—1 "

This proves (6.20). Inequality (9.52) then follows from (6.20) and Lemma 9.5.
We next prove (9.53). Noting that Ay = I,’j_lfik, the triangle inequality and

Lemma 9.8 give

A, =, = m, + - 2o

k=1 =
SN L, # Il
Finally, we note that by Lemma 9.5 and (9.8),

Il S (Lax X S |26 L], Il
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and hence

Il |76 Lax|), -
Combining the above inequalities completes the proof of (9.53). Inequality (9.54)
follows immediately from (9.53), (6.20) and Lemma 9.5. B

We are now ready to prove Lemma 9.4. However, before doing so, we note a

few properties of our operators which are immediate consequences of the defining
relations. As noted earlier, /Alk,l = Il]j_lfik. Similarly Dy_1 = [,’j_le. In addition,
the operator I} ! is symmetric on both M, with the (-, -) . inner product as well
as My,_; with the (-,-), , inner product.

Proof of Lemma 9.4
For x € My_1,

el = IR= 11| = 1((Eimt = L) Xial,

where E,H = [,]j_lLk. Note that the operator E,H : Mp_1 — My_q is symmetric
and the eigenvalues of Ez,l are in the interval |c, C’h,;A‘] for appropriate constants

c and C' (independent of k). Applying an expression analogous to (9.40) gives

((Lk—l - Zk—l)X:X)kil = (27Ti)_1 /21/2 (FkLk—IRz(Li—I)X’Ek—le(ii—l)X> dz

k—1
T

where
Fk = El;ll(Li—l - Ei—l)le—ll'

By the Schwartz inequality and (9.42),

1/2 F1/2
S NF e L2 e |22 x s

’((Lk—l — zk—l)XaX)k_l
S N Felle=1 Xz

where the second inequality follows from Lemma 9.5 and the identity (Ek,l X X)k—1 =

(Likx, X),.- To complete the proof of the lemma, we need only bound || F|x_1.
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We start first with the identity

Fp=Q1+ Q2+ Qs
where
Qi = (I—IF (L — ALy,
Qr = LI (Ly = A — IF ALY,
Q3 = El:—ll(Li—l - ffflLi - Aifl + If’%i)LE_ﬂ.

Obviously, it suffices to bound the norms ||Q;||x—1, for i = 1,2, 3.
Let x,0 € M;._;. For (Q1, by Lemmas 9.5, 9.8, 9.9 and 9.10, we have

QxS hull(Le = ALt ixlln S b (1+ [log ) || L Li x|
< B (1 + [log hu) [k
For ()5, we have

(Qux Okl = |(ArLitix, (T = 1) (Le — AL L,0) |

IN

et - 00— A, s,
Thus, applying Lemmas 9.5, 9.8, 9.9, and 9.10 gives
1Qllk—1 S hi (1 + [log hus|)-

For )3, we obviously have

1Qsllk—1 < 1Q3allk—1 + [|[@32llk—1 + |Qs3]lk—1
where

Qs = El?hAkfl([l’;il - [)DkLl;ll

@32 = Elz—ll(DZ—lAkfl - ffleZAk)LE_ll

Q3,3 - zlz—11(sz1Dk—1_III:_IDZDk)LI;—ll-
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For ()31, by (9.47), (9.53), and Lemma 9.9,

1Qsaxlli—1 < Pl Lty Ar—i =t | De Lt oxl e

< Pl

For Q3,2>
[(Qs2X: 0)k—1| = ‘(Ak[xﬁhx, (- [ffl)Dkz;;lﬁ)k‘
< Azt 0 - B DA, ATt i6]
Applying (9.47) and Lemmas 9.9 and 9.10 gives
1Qs2llk-1 S b >,
Finally, for 33,
[(Qs3X,0)k—1] = ’(DkLE_llXa (- ],’j‘l)Dki,;_lle)k’
< D], ezt @ - B DA ALt

Applying (9.46), (9.47), and Lemmas 9.5, 9.9 and 9.10 gives
1Qs2llk-1 S hyt >

Combining the above inequalities proves Lemma 9.4.



Chapter 10

Parallel Multilevel
Preconditioners

In the last three chapters, we have studied the multigrid algorithms that consist
of fine level smoothing and coarse level correction. In this chapter, we will take a
different approach to make use of the multilevel structure to design another kind
of efficient algorithm. Namely we will construct preconditioners from multilevel
spaces.

The idea is somehow related to the so-called hierarchical basis preconditioners
(c.f. [94, 11]). Roughly speaking, in that method, the finest space is decomposed
as a ‘“nearly orthogonal” summation of some coarse spaces via the interpolation
operators. But this method degrades in three or higher dimensions. In contrast,
our method is based on the decomposition via L? projections onto coarse level
spaces. This method works equally well in any number of dimensions and most

importantly it can be implemented in a completely parallel fashion.

We shall study this new technique for developing preconditioners first in an
abstract setting and then by considering applications to second order elliptic prob-
lems. In Section 10.1, we will set up an abstract framework of our theory. The
condition numbers of the proposed preconditioners will be estimated in terms of a
number of a priori assumptions. The results in this section will be enough for the

applications given in Section 10.3 and 10.4. In Section 10.2, we will make more

168
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investigations of the theory developed in Section 10.1. In particular, the motiva-
tions will be explained and other applications will be discussed. In Section 10.3,
the theory is applied to second order elliptic boundary value problem with finite
element discretizations and the parallel as well as serial complexity of the resulting
algorithms is discussed. Finally, analysis of an algorithm applying to an interface

problem is given in Section 10.4.

10.1 Abstract Theory

An abstract framework for the construction of parallel multilevel preconditioners
will be given in this section. The preconditioners will be proposed in terms of a

certain multilevel structure and estimates for relevant condition numbers will be

obtained based on a number of a priori assumptions. In this abstract setting, we
shall not be concerned with any implementation or complexity issues. The results
in this section will be enough for applications in Section 10.3 and 10.4. More
theoretical analysis and discussion of other possible implications of the abstract
framework can be found in the next section.

Given a Hilbert space M and two inner products (-,-) and A(:,-), we are

interested in solving the following problem on M:
A(u,v) = (f,v), Yve M. (10.1)

where f € M is given.
Our purpose is to develop some preconditioning methods for the given problem
by using certain multilevel structure. The main ingredient in our theory is a

hierarchy of Hilbert spaces as follows:
M1CM2C...CM]' (10.2)

where M,; = M.



- 170 -

For each k =1,..., 7, we introduce the operators Py, Qy : M — M, defined,
for all u € M,v € My, by

A(Pkuvv> = A(u,’u),
(Qkuv U) = (U, U)?
and the operators Ay : My — M}, defined by

(Agu,v) = A(u,v) Yu,v € M.

If £ = j, we denote A def A;, by definition, the problem (10.1) is equivalent to
the following:
Au=f.

The goal of this section is to propose and study the following preconditioner:

J
B=A7"'Qi+ Y \'Qs (10.3)
k=2

where A\, = p(Ayg), the spectral radius of Ag.

The motivation of constructing B in such a way is not trivial, and will be
discussed in the forthcoming section. In the current section, we will derive some
important properties of B in terms of those of A.

We will show that B is a good preconditioner of A by giving estimates of the
condition number of BA based on a number of a priori assumptions. Namely, we

will prove inequalities of the following type:
cjA(v,v) < A(BAv,v) < C;A(v,v). (10.4)

We will relate the constants ¢; and C; to j and the constants appearing in the sub-
sequent a priori assumptions. The following relations, which are obtained directly

from definitions, are useful in our analysis below.
QA = Apbg (10.5)
Qe = QQr=Qifl <k (10.6)
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From (10.5), we can easily see that B is symmetric positive definite and the

following holds:

J
A(BAv,v) = A(Pv, Pro) + Y N ArPeo . (10.7)

k=2

The estimate of C; in (10.4) straight forward without any additional assump-

tion:

Lemma 10.1
A(BAv,v) < jA(v,v), YveE M.

Proof. This follows directly from (10.7). Thus
j
A(BAv,v) <Y A(Py, P) < jA(v,v),
k=1

since Py is a projection. B
Next we will estimate ¢; in (10.4) under some additional a priori assumptions.
The first result will be based on two assumptions regarding the approximation and

stability property of the projection .
(A10.1)  ||(I — Qr_1)v|]® < KiN P A(v,v), Yo € M,.
(A10.2)  A(Qpv,Qxv) < KhA(v,v), Yv e M.

Here the constants K7, Ky may moderately depend on j in some applications. For

convenience, we will assume that K; > 1.

Lemma 10.2 Under the assumptions (A10.1) and (A10.2)

A(U, U) < KlKQjA(BAU, U), Yv € M.
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Proof. Writing v = Qv + X1_,(Qk — Qx_1)v, we have

A(v,v) = A(Qrv,v) + ZJ: A((I — Qr_1)Qpv,v)

k=2
J

< A(Qv, Pv) + > (I — Qr-1)Qrv, A Prv)

k=2

1 1 ] 1
< A(Q1v, Q)2 A(Prv, Pro)z + ) (KA A(Qrv, Qiv)) 2 || Ak Py |

k=2

J
< (KaA(v,0)) 2 A(Pro, Po)? + (K1 K A(v,0)) 2 ), 3| AP
h=2

Nl
ol

< (Ko+ (j— 1)K K52 A(v,v)2 (A(Pyv, Pyv) +ZAk1||Akka|| )z.

k=2

The desired result then follows. B

The second result for estimating ¢; in (10.4) will be based on an approximation

assumption of the projection Py, namely
(A10.3)  A((I — Pr1)v,v) < KOG Arv]|H)*A(v, v)' =%, Yo € M.

Here o € (0,1] is a constant and again we assume K3 > 1.
Lemma 10.3 Under the assumption (A10.3),
A(v,v) < Ksja 'A(BAv,v), Yo € M.

Proof. Writing v = Pjv + Zizz(l — Py_1)Pyv and using Hoélder’s inequality, we

can deduce that

A(v,v) = A(Piv, Pro)+ > A((I = Py_1)Prv,v)
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J
< A(Pv, Po)*A(v, )+ > K§ (A Ak Peo||?)*(Av,0) 7
k=2

J
< (A(Pw, Po) + K3 > N APl ?) 5 A, v)

k=2

The proof is then completed by dividing by A(v,v)™*. ®

In summary, we have
Theorem 10.1 Under assumptions (A10.1) and (A10.2),
(FuKoj) Ao, 0) < A(BAv,v) < jA(v,v), Vo€ M.

Hence

k(BA) < K1 Kyj2
Under the assumption (A10.3),
K s A(v,v) < A(BAv,v) < jA(v,v), Vv € M.

Hence

k(BA) < Kyj.

We can avoid computing the action of A;' by modifying B as follows:

B J
BYESY N1k (10.8)
k=1

In this case, the assumptions (A10.1) and (A10.2) can be replaced by the follow-

ing:
(A10.1)  |[(I — Quor)v|? < KINT A(v,0), Yo € M.

Analogous to Theorem 10.1, we have
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Theorem 10.2
(k(Ay) + K1K3j)j if (A10.1) and (A10.2) hold,
k(BA) < { (k(A) + Klj)j if (A10.1) holds:

(kAT + KI(j —1))T5 5% if (A10.3) holds.

Remark 10.1 The estimates given in above theorem suggest that under the

assumptions (A10.1) and (A10.2) for example, if the magnitude of k(A;) is cam-

parable with K;K5j, the preconditioner B would be as good as B. The last

estimate in the above theorem looks a little clumsy. In fact it can be replaced by
k(BA) < max(k(A1), K3)j=, if (A10.3) holds.

Remark 10.2 By a telescope argument, it is not hard to see that (A10.1") is
actually a consequence of (A10.1) and (A10.2) if furthermore \;’s satisfy certain

growth condition as follows:
(A10.4) do > 0suchthat: Ay > (14+0)N,, Vh=1,2,---,j—1
In fact, if both (A10.1) and (A10.2) are satisfied, we have

10— Qo] < SN - Q)@

=k

J

< KEZ/\FA(QZU,QZU)%
=k
1 J _1 1
< (K Ko)z | YN %] A(v,v)z
I—k
1 1 1
< (KK Y20 A(w,0)}
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Therefore, (A10.1") holds with

2(1 2
K = (1+0)( +U)K1K2.

o2

10.2 More on the Abstract Theory

In the preceding section, we have proposed and studied the preconditioner B given
by (10.3). This section is devoted to more theoretical investigations of B. We will
discuss how this preconditioner was motivated and developed. This section is a
theoretical refinement of the last one and it has little to do with the applications
in forthcoming sections. Some other possible applications will also be mentioned
without giving much details.

Our discussion begins with the following identities:

(Qr — Qr1)Q =0, ifl<Fk, (10.9)
(Qr — Qr1)* = (Qr — Qr), (10.10)
(Qr — Qr—1)(Qr — Qi—1) = 0,if [ # k. (10.11)

These identities can be obtained directly from the definition of );’s and the in-
clusion property in (10.2). If we set Qo = 0, then in terms of Q’s, , we have an

orthogonal decomposition of M as follows:
j
@ Qr — Qr—1)
where (Qr — Qr—1)M is the range of the operator Q — Qr_1. Notice that

R(Ql) - Ml; (Qk - Qk—l)M - Mé_fl in Mk7

where L is with respect to the inner product (-, ).
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It is straightforward to check, under the assumption (A10.1), that
Alve,vr) =< Mellorl?, Vo € (Qr — Qu—1) M.

This means that on (Qr — Qx_1)M, the operator A behaviors like a constant A
spectrally.

Obviously, for v € M, we can write

Av = Ale + Z A(Qk — Qkfl)’l], (1012)
k=2

but the restriction of A to M; is A; and as mentioned just now A is spectrally
equivalent to \; on (Qr — Qr_1)M, therefore the following expression should be
spectrally close to (10.12):

J
AvE A4,Q10 + 3 M(Qr — Qi)
k=2

which defines an operator as follows

AL AQr + Z Me(Qr — Qr—1)
k=2

with the corresponding bilinear form given by

A(u,v) = A(Q1u, Q1v) + Y Me(Qr — Qr—1)u, (Qr — Qr—1)v),  u,v € M. (10.13)
k=2

One would expect the operator A to be spectrally comparable to A, and, as a

matter of fact, with a proof identical to that of Theorem 10.1, we can show

Theorem 10.3 Under assumptions (A10.1) and (A10.2),

F A, v) < A(v,v) < K1KyjA(v,v), Yv € M. (10.14)
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Because of the identities (10.9)-(10.11), we see that the operator A is a summation
of a number of mutually orthogonal operators. This is a very important property

of A, as a consequence we have:

Theorem 10.4
def J
B=E A" = A7'Q1 + )N (Qr — Qi) (10.15)
k=2
More generally
J
A= A501+ D X (Qr — Qi—1), Vs € RN (10.16)
k=2

The identity (10.16) requires some explanation. There is no problem for any
integer value s in which case (10.16) follows by induction. We note that A is a
SPD operator on a finite dimensional space M. For any intger n, there is a unique
SPD n—th root of A, hence the verification for s = % then follows by taking the
n—th power of the right hand side of (10.16). Combining the above arguments,
we then see that (10.16) also holds for any rational number s. Since any irrational
number can be approximated by a sequence of rationals, (10.16) then also holds

when s is an irrational number.

Theorem 10.5 Under assumptions (A10.1) and (A10.2),
J (A%, 0) < (A%v,0) < (K1 K))*(A%v,v), YveM, se(0,1]. (10.17)
where A® is given by (10.16).

Proof. For s =0 (10.17) is trivial and for s = 1 (10.17) is just (10.14). Therefore
the standard interpolation technique (c.f. [58]) gives the desired result for s €

(0,1). m
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Take s =

2
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in above theorem, we conclude that the square root of

A is a good preconditioner for the square root of the discrete elliptic operator A,

which is directly related to the H 2 norm. As a matter of fact, a new preconditioner

via domain decomposition techniques can be constructed using these ideas and will

be reported on in [27].

The relation between B defined by (10.15) and B defined by (10.3) is shown in

the follwoing

Lemma 10.4 Under the assumption (A10.4),

(Bv,v) <

(Bv,v) < (1 —l—l)(l’)’v,v)

Q

where B is given by (10.3).

Proof. By definition of B, we have

(Bv,v)

v

v

(AT'Q1v,0) + D XN H((Qr — Qi—1)v, )
j—2

J
(AI_IQIU7 U) + Z Ak_l((Qk - Qk—l)v7 U)
k=2

(AT Q1v,v) = A7 1| Quv]?
j-1
+ 3 (A = Xeh ) (@, v) + A7HQju,v)
k=2
1
(AT Quv,v) — m)\leQWHQ
“HQwv,v) )+ A HQjv,v)
(Bv,v).

1+o0

(10.18)



- 179 -

Since the other part of the inequality is trivial, the proof is complete. B

Remark 10.4  In general, without the assumption (A10.4), the following esti-

mate can be obtained:

(Bv,v) < (Bv,v) < j(Bv,wv). (10.19)

In the next theorem, we consider the case of the sum of two operators. Let
A(-,+) be another symmetric positive definite form and let A, and {\;} be defined

analogously in terms of fl(, -). Consider the operator B : M — M defined by
J
Z)\k“‘)\kz (Qr — Qr—1)-
k=1

Theorem 10.6 Assume (A10.1') holds for both A and A. Then,

~

R(B(A+ A)) < Cf?

where the constant C may depend on k(A1) and k(Ay).

A direct application of above theorem is to the discrete systems which arise
in parabolic time stepping algorithms. At each time level, a function u" € M

satisfying

with known " € M must be computed. Here 7 is a positive number which is
related to the time step size.

Another example is to eddy current problems arising in the theory of magnetic
field (c.f. [20]), which makes use of both Theorem 10.5 and 10.6. The details and

other possible applications will be reported elsewhere.
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10.3 Application to Finite Element Discretiza-

tions

In this section, we shall illustrate the application of the abstract theory and algo-
rithms discussed in the previous section to a second order elliptic boundary value
problem approximated using finite element functions on a quasi-uniform mesh. We
first show that the hypotheses of the previous section are satisfied. We also con-
sider the computational complexity of the resulting algorithm in both serial and
parallel computing applications.

We shall consider the problem of approximating the solution u of

LU = [ inQ,
U = 0 onof.

Here 2 is a bounded domain in IR¢ and £ is given by (3.2) with the corresponding
bilinear form A(-,-) given by (3.3).

We assume that €2 can be partitioned with a nested sequence of quasi-uniform
triangulations as is done in Section 4.1 that corresponds to a nested sequence of

finite element spaces as follows:

M1CM2C...CMj.

We seek the Galerkin approximation u € M (to the solution U above defined
by
A(u,v) = (f,v) Yve M. (10.20)

We take the inner products (-,-) % (., )2 and A(-,-) as defined above.
Therefore we can use the abstract framework in the above section. the operators
P, Q. and A are the corresponding operators. We notice that in this case Py

is the standard Galerkin projection, @y is the orthogonal L? projection and A, is

the discretized £ on M.
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The assumptions (A10.1) and (A10.2) are verified in this context by Proposi-
tion 3.5 and 3.6. The assumption (A10.3) is strongly tied to the elliptic regularity
assumption (3.5) and in fact (A10.3) holds for exactly the same a as given in
(3.5). The verification of (A10.3) is given by Proposition 4.1.

In order to discuss our preconditioner for the finite element equation discretiza-
tions, we need some other notation.

For each k, M} has a natural basis, namely, the so-called nodal basis {¢F}1*,
that satisfies

O (x)) = 0y, Vi, l=1,... 4,

where {z;: 1 =1,...,n,} = N, is the set of interior nodal points of the triangula-
tion on which My is defined.

It is often convenient to use the scaled nodal basis as follows:

(68} = {hy” 0.

By using these nodal bases, we can then modify the preconditioner given in (10.3)

as follows:

Bv = A7'Quv + i > (v, 9ol (10.21)

k=2 1

Lemma 10.5
(Bv,v) < (Bv,v) YveM,.

Proof. Note that, for v € M;

and

J
(B’U, U) = (A;lle, U) + Z )‘IngQkIUHZ'
k=2
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Hence it remains to verify that

Joel® =< Ak Z(Um(ﬁf)Q Yo, € M.

7

d—2 _
To see this, writing v, = 3 p;¢% = h,2 3 ;0% the above inequality then becomes:

1/7]

4,7 1

which, in terms of the mass matrix My = ((¢F, ¢F)) and the nodal value vector

= (1, pin, )7, can be rewritten as

< Mgty po > N < MPju,p > .
By Proposition 3.5
< Myps, o >= Bif|uf*.

and hence

< Mg, p>= hilpl?.

The desired result then follows since Ay < h;? by Theorem 3.8. B

Combining Theorem 10.2 with Lemma 10.5, we obtain

Theorem 10.7
R(BA) S jm @)

where a € (0, 1] is as in (3.5).

We may avoid the inversion of A; by a further modified B : M +— M defined,
for v € M, by
J

Bu=>"3"(v,éh)dk. (10.22)

k=1 1

For this modification, we have
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Theorem 10.8

(hi* +4)J
KI(BA) S 2o N l—a .
(™ +J) = J.
Remark 10.5 We notice that, since j = O(|log h;|), if &« = 1, ks(BA) = O(| log ;)
and in any case not worse than O(|logh;|*) which is the condition number of the

hierarchical basis preconditioner for d = 2. An important feature of this result is

that it holds in any number of dimensions.

In the remainder of this section, we consider computational issues involved in
implementing the above algorithm in serial and parallel computing architectures.
However, before proceeding, we make the following observation. Even though we
have defined B as an operator on M, in a preconditioned iterative scheme we
are only required to compute Bv given the data W]l = (U,gbé-). This is because
v = A,;0 and to avoid the solution of gram matrix problems, we always compute
{(A;0,¢%) = A(0,4})} instead of A;6 for a given § € M.

We first consider parallel implementation of the preconditioner B. The execu-
tion of (1.4) can obviously be made parallel in many ways by breaking up the terms
into various numbers of parallel tasks. The optimal splitting of the sum is clearly
dependent on characteristics of the individual parallel computer, and for example,
memory management considerations, task initialization overhead, the number of
parallel processors, etc. We note, however, the simplicity of the form of (1.4) allows
for almost complete freedom for parallel splitting.

It is of theoretical interest to consider the algorithm on a shared memory ma-
chine with an unlimited number of processors. As above, the implementation Bv
involves two steps, the calculation of the coefficients W} and the computation of
the representation of Bv in the basis for M. Each coefficient can be computed

independently and involves a linear combination (not necessarily local) of the val-
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ues of W;. With enough processors, a linear combination of m numbers can be
computed in log,(m) time. Hence the coefficient vectors {WW}} can be computed
in log,(N) time where N is the dimension of M. Each coefficient of Bv involves
a linear combination of M, j contributions from the j grid levels (here M,, is the
maximum number of neighbors for any given level. Thus, computation of Bv can

in done in time bounded by C'j.

We next consider the serial version of the algorithm. Let v € M be given and
define W} = (v, #}). Let W}, denote the vector with entries (W},); = W}. We need
to compute the action of Bv given W;. We define Wj_; from W}, in a recursive
manner. Note that each basis function in Mj_; can be written as a local linear
combination of basis functions for My. Thus, each value of W} _; can be written
as a local linear combination of values of Wj. Moreover, the work involved in
computing W;._; from Wy is proportional to the number of unknowns in Mj_;.
Consequently, the work involved in computing the vectors {Wy}, k = 1,...,j
bounded by a constant times the number of unknowns in M. Once the vectors
{Wy} are known, we are left to compute the representation of Bv in the basis for

M. To do this, we compute the representation of

Bav=33(v, d)k,

k=1 1

in the basis for M,,, for m = 1,...,j. The result at m = j is of course the basis
representation for Bv. For m = 1, the representation is already given by W;. The
representation of B,,v, for m > 1 is calculated from that of B,,_1v by interpolating
the B,,_1v results (i.e. expanding them in terms of the m’th basis ) and adding the
m’th level contribution from W,,. The work of calculating the representation of
B,,v given that for B,,_iv is on the order of the number of unknowns in M,, and
thus the total work for this algorithm is bounded by a constant times the number

of unknowns on the finest grid.
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Remark 10.6  The serial implementation of the operator B is closely related to
the multigrid V-cycle algorithm. The step of computing Wj,_; from W} in B is
nothing more that the step which “transfers the residuals” from grid level k£ to
k — 1 in a multigrid V-cycle algorithm. However, the multigrid algorithm requires
extra computation since it must smooth and then compute new residuals on the
k’'th level before transferring. The second step in the serial algorithm for B is
also duplicated in the “coarser to finer interpolation” step in the multigrid V-cycle
algorithm. The symmetric multigrid V-cycle requires extra computation since it
requires additional smoothing on each grid level. Thus, the serial B algorithm, in

terms of complexity, is similar to a multigrid V-cycle algorithm without smoothing.

10.4 Application to Interface Problems with Large

Jumps

The interface problem has been studied in the context of the ordinary multigrid
method in Section 8.5 and 8.6, where we have essentially proved that the two-level
multigrid algorithm converges uniformly with respect to the jumps in the coeffi-
cient. It is still unknown how the algorithm behaves in the general multilevel case.
However for the hierarchical basis preconditioner, it is known that the condition
number is not effected by the jumps if propers weights are used. In this section, we
show that such a property also holds for our preconditioner in the two dimensional
case and sometimes in three or higher dimensional cases as well.

To avoid the unnecessary repetition, we use the same model problem as given
in Section 8.5 and the multilevel spaces are also as described there. In this way,
the whole theory in the preceding section can be carried over here with the or-
dinary L? projection replaced by the weighted L? projection defined by (3.39).
Correspondingly, (10.22) is replaced by the following

Bu= 30 Y (0, 0zl (10.23)

k=1 1
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where wf is the arithemetic average of those w;’s such that €; contains the node

k
x;.

Theorem 10.9 If all the cross points of the interfaces lie in OS2,

k(BA) < |log hyl*,

where B is defined by (10.23).

Proof. In fact (A10.1) is given by Theorem 3.7. The desired result then follows.
|

We can remove the constraint on the location of the cross points in above

theorem in two dimensional problems. Namely we have

Theorem 10.10 Ifd = 2, then
K(BA) < [log by,

where B is defined by (10.23).

Proof. According to Theorem 4.3, (A10.1) holds with K| = O(|logh;|). The
desired result then follows from the general theory in Section 10.1. B
Remark 10.6 In regard to Remark 3.1, the results in this section can be gener-

alized and improved.
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